MONOIDAL RING AND CORING STRUCTURES OBTAINED FROM 
WREATHS AND COWREATHS 
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Abstract. Let A be an algebra in a monoidal category C, and let X be an object in C. We study 
A-(co)ring structures on the left A-moduIe A ^ X. These correspond to (co)algebra structures 
in EM{C){A), the Eilenberg-Moore category associated to C and A. The ring structures are in 
bijective correspondence to wreaths in C, and their category of representations is the category 
^■f-j ^ of representations over the induced wreath product. The coring structures are in bijective corre- 

spondence to cowreaths in C, and their category of corepresentations is the category of generalized 
' entwined modules. We present several examples coming from (co) actions of Hopf algebras and 

' their generalizations. Various notions of smash products that have appeared in the literature 

appear as special cases of our construction. 
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Introduction 



Let A be an algebra, and let C be a coalgebra, and suppose that we have an entwining map ip. 
. It is well-known that the vector space A ^ C carries a coring structure, such that the category 

Pm . of entwined modules is isomorphic to the category of comodules over this coring. Examples of 

' entwining structures come from Doi-Koppinen data over a bialgebra. Doi-Koppinen data can be 

defined over quasi-bialgebras; we have similar results: A(E> C is still an A-coring; however, there is 
one major difference from the classical theory: C is no longer a fc-coalgebra. Otherwise stated, we 
can build an A-coring structure on A® C although C is not an ordinary fc-coalgebra. 
The aim of this paper is to describe all possible A-(co)ring structures of the form A® X. We have 
. chosen to present our results in the language of C-categories, also known as module categories. The 

^ ' motivation for this choice was twofold. On one hand, the generality of this approach allows us to 

cover many constructions that are known for Hopf algebras and their generalizations. On the other 
' hand, the naturality of the involved categorical arguments allows us to simplify some of the compu- 

If^ , tations. We use the machinery developed in (HolTuT. slightly improved in 13 . Schauenburg [30] has 

' observed that A-ring structures on ® X (with left yl-module structure given by multiplication of 

, A) depends on two morphisms, which we will call C and a. These morphisms have to satisfy certain 

CO ' conditions; these are not given in [30j. We will work them out in Section[21 and we will see that they 

are similar to conditions that appear in the Brzezihski crossed product 9 . We also discuss the dual 
question, namely we discuss A-coring structures on A (g) X, and show that they are determined by 
two morphisms S'.X—i'A^Xi^X and f : X —i' A satisfying a list of compatibility conditions. In 
^ Section|3l we will restate the conditions on S, f (respectively (^^ a in the ring case). Actually (co)ring 

. structures aw A®X correspond to (co) algebra structure on X in a suitable monoidal category 7^. 

Our notation is inspired by the well-known result that entwining structures of the form (A, C)^, 
with fixed A^ correspond bijectively to coalgebras in Tamabara's category 7a, |35j . During a visit 
of the first author to the Wigner Research Centre for Physics in Budapest, Gabriella Bohm pointed 
out that 7^ is the monoidal category YM{C)[A) of endomorphisms of A, viewed as a 0-cell in the 
Eilenberg-Moore category EM(C), where C - being a monoidal category - is viewed as a 2-category 
with one 0-cell. A similar result is that Ta — Mnd(C)(A), where Mnd(C) is the 2-category of monads 
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in C, as introduced in [27]. A second categorical interpretation is presented in Section^ ^-(co)ring 
structures on A(SiX are in bijective correspondence to (co) wreath structures in C, regarded again as 
a 2-category with one object. We also show that the category of representations of an A-img of the 
form A iSi X is isomorphic to the category of representations of the corresponding wreath product, 
see [H] . The category of corepresentations of an A-coring of the form A® X is isomorphic to the 
category of generalized entwined modules, as introduced in |15) . 

We present some applications in Section [S] Using the theory of actions and coactions over a quasi- 
bialgebra we give examples of (co)wreaths {A,X) with X regarded as an object in rather than 
7a- As a consequence we obtain that the generalized- (quasi) smash product algebra defined in [llj 
is an example of a wreath product. Also the crossed product algebra built within the monoidal 
category of corepresentations over a dual quasi-Hopf algebra [2] is a wreath product. 
Quasi-Hopf bimodules over a quasi-bialgebra H can be applied to construct a cowreath (21, C) in 
hM, the monoidal category of left ^-representations. We remark that C is viewed as an object in 
Tgf and not in Tit, and that the category of corepresentations over the resulting coring is isomorphic 
to _f/A4§', the category of quasi-Hopf bimodules associated to {Ql,C,H). 

More examples can be obtained from actions and coactions of a bialgebroid. We propose an alter- 
native way to define the crossed product algebra over a bialgebroid [5], the underlying idea is to 
describe this algebra as a wreath product. We also construct a coring from a Doi-Koppinen da- 
tum over a bialgebroid, compatible with a module category structure, and recover the isomorphism 
between the category of Doi-Koppinen modules over a bialgebroid and the category of corepresenta- 
tions over a suitable coring [7]. These examples can be specified to bialgebroids coming from weak 
bialgebras. 

Our theory can be applied to braided bialgebras; this will be the topic of the forthcoming paper 

m- 

After an earlier version of this paper was finished, we were informed about the following possible 
alternative approach, based on the description of the (co)wreath structures in a certain bicategory, 
leading to Theorem l6.8l Theorem l3.3l is actually a special case of Thcorem l6.8l We have investigated 
this, and we could give a proof of Theorem l6.8l but to this end we needed Theorem [331 so that the 
two results are basically equivalent. Details are given in Section [6| 



1. Preliminaries 

1.1. Module categories. We assume that the reader is familiar with the basic theory of monoidal 
categories, and refer to [lOl [20j [22] for more detail. Throughout this paper, C will be a monoidal 
category with tensor product (8) : C x C — >■ C and unit object 1_. We denote the identity morphism of 
an object X € C hy Idx- We will assume implicitly that the monoidal category C is strict, that is, 
the associativity a and unit constraints I, r are all identity morphisms in C. Our results will remain 
valid in arbitrary monoidal categories, since every monoidal category is monoidal equivalent to a 
strict one, see for example [TOl [20] . 

A right C-category is a quadruple {T>,o, 'i>, r), where V is a. category, o: V x C ^ T> is a. functor, 
and 4* : o o (o x Id) — > o o (Id x (3) and r : o o (Id x 1_) ^ Id are natural isomorphisms such that 
(Idgj! o lx)'i'm,i.,x = Tot * Idx and the diagrams 

{{moX)oY)oz'^^^^''imoX)o{Y^Z) 



*ait,x,-i'<>Idz 



IdajiOax.y,; 



{mo{x^ Y)) o /^^^'^ o {{X ® r) ® z) 

commute, for all 9Jt g I? and X,Y, Z G C. Obviously C is itself a right C-category, with o — 0, and 
and r the natural identities (recall that we assumed that C is strict). In fact, the above mentioned 
coherence theorem can be extended to C-categories, and this enables us to assume throughout that 
^ and r are natural identities, without loss of generality. In the literature, C-categories are also 
named module categories. 
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Let V he a, right C-category, and consider an algebra A in C. A right module in V over A is an 
object 9Jl € T) together with a morphism fan : 2Tt o A — > 9Jt such that j/poj o (Idrj)j o 77^) = r<xa and 
the diagram 

{moA)oA "-^^ ^moA 

m.o(A®A) ^mioA 

commutes. Let T^a be the category of right modules and right linear maps in T) over A. The right 
module structure on OJl G Va will be written symbolically as 

mi A 



m 

We can also define the dual notion of right comodule in a right C-category V over a coalgebra C 
in C. The category of right comodules and right colinear maps in T) over C will be denoted as T)'-^ . 
The right comodule structure on 931 € V'^ will be written as 

971 

Pm = 



9JtC 

1.2. Rings and corings in monoidal categories. The notion of ring and coring in a monoidal 
category is essentially due to Pareigis ^25j and Schauenburg [SD] ■ We present a brief survey on the 
topic, following terminology and notation as in |13) . 

It is well-known that the category aM.a of bimodules over a fc-algebra A is monoidal. A (co)algebra 
in aMa is called an A-(co)ring, see [Sj for the original definition. 

Let I? be a right C-category, and assume that both C and 2? have coequalizers. Take an algebra A in 
C, 971 G Va and X G ^C, with structure morphism fix ■ A® X X. We consider the coequalizer 
(M X, ^) of the parallel morphisms o Idx and (Wot o iJ.x)'^m,A,x hi^ V: 

(971 o A) o X M o X — ^ M OA X. 

(Idgjt»A'x)'I'!D!,A,X 

For a left A-linear morphism / : X — ^ F in C, let / : 971 X — > 97t F the unique morphism in 
V satisfying the equation 

(1-1) fqm.x^qm.Yi^dmof). 

f f — 
Take X — >Y — >Z in aC- It is easily verified that gf = gf. 

Now let 5 : 971 — 9T in Va and Y £ ^C. g : 97t F — > 91 F is the unique morphism in V such 
that 

(1.2) 59OT,y = (.90 Idy)- 

For 971^91-^<P in 2?yi, we have that gf = g/. 

For 971 G P^, X G C and Y G aC, we have canonical isomorphisms Tot, ^m.x and T^: 

- Tot : 97toyi A^>971, uniquely determined by the property Tot^ot a ~ ^ot! 

- Tot,x '■ 971 (A ® X) — s>97toX, uniquely determined by the property '^m,xq^ a^x ~ 

(i'OToIdx)*OTU,x; 

- T'y ■ A ®A Y^^Y, uniquely determined by the property T'yQa y — I^y- 
The following properties are now easily verified: 

(1-3) T^'=gOT,^(IdOTO^^) ; T'y' = qXy{ri^®MY); 

(1-4) '^^,x = 9OT,A®x(IdOT oVa® Idx). 

Before we are able to introduce the associativity constraint on aCa, we need the following concepts. 
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Definitions 1.1. Let 2? be a right C-category and A an algebra in C. 

(i) An object X G C is called (left) 2?-coflat if the functor ~oX : V ^ V preserves coequalizers. 
liV = C then we simply say that X is left coflat. 

(ii) An object Y £ aC is called (left) 2?-robust if for any £ V and X G Ca, the morphism 
®sat X Y ■ * oaY ^ o {X ®A Y) defined by the commutativity of the diagram 

{{m oX)oA)oY : {moX)oY {DJI oX)oaY 

/ ^ ■ Q'ti 

mo{x (g,A Y) 

is an isomorphism. Here x y (Wan o^x y)^93i,x,y- If 2? = C then we simply say that 

Y is left robust and write &<xii_x y = ^an x.y- 
We denote by ^'C the category of left ^-modules in C which are left 2?-robust, left robust, left 
P-coflat and left coflat. We write 'j^C = ^'C. 

Note that left I>-coflatness of A and left P-robustness of F e aC are needed in order to define: 

- a right module structure on S!Jt X in 2? over A, for all 971 G Va and X G aCa', 

- a left ^-module structure on X ®a Y in C, for any X G aCa] 

- "canonical" inverse isomorphisms 

moAX)oAY , ' 9Jto4 {X ®A Y), 

for 971 G Pa and X G aCa- 
Assume that A is left coflat and left 2?-coflat. Then the category J'C^ is monoidal with tensor 

product ®A^ associativity constraint E' , unit object A^ and left and right unit constraints T'__ 

and T_. Here S', T'_ and T_ have to be specialized to the case V ~ C. Moreover, the functor oa 
defines a right ^'C^-category structure on Va- More details about all these concepts and results 
can be found in ESI EOl [131 . 



We are now able to define the notions of ring and coring in a monoidal category. 

Definition 1.2. Let 2? be a right C-category and A an algebra in C which is left D-cofiat and left 
coflat. An A-(co)ring in C compatible with D is a (co)algebra in the monoidal category ^ Ca- For 
such a (co)ring a right (co)module in P is a (co)module over it in the right ^'C^-category Va- 
A (co)ring in C compatible with C is simply termed a (co)ring in C. Then a right (co)module over 
a (co)ring in C is exactly a (co)module over it in the right ^C^i-category Ca- 

2. A-(co)rings of the form a® - 

Throughout this section, A will be a left cofiat algebra in a monoidal category C and X a left coflat 
object of C, so that = A® X G a^, with left ^-module structure morphism fi^r := ® Idx- 
As we have already explained we are interested in flnding the A-(co)ring structures on A® X. Our 
starting point is the following result due to Tambara [33] and Schauenburg [50] . 

Lemma 2.1. Let A be an algebra in a monoidal category C and X an object of C. Then there 
is a bijective correspondence between right A-module structures on ^ = A ® X and morphisms 
ip: X®A^A®X satisfying 

(2.1) i^{ldx(E)mA) = (22iA®Idx)(IdA«'V')(V'«'Idx); 

(2.2) H^dx®vJ = (»Id 



These right A-module structures make € — A ® X into an object of aCa ■ 

Proof. We outline the proof. If i/g defines a right j4-module structure on A® X then -0 = Vir(rj^ ® 
Idx ® Id a) satisfies (|2.1j|2.2p . Conversely, if^": X ® A ^ A® X satisfies (12. 1112. 2|) . then = 
{jRa ® Idx)(IdA ® "0) defines a right A-module structure on £. □ 



WREATH (CO)PRODUCTS 



5 



Let C 6 aCa, as in Lemma ?I7[\ Since A is left coflat, €(^a £ is a right A-module via i^it^^e, the 
unique morphism in C making the triangle in the diagram 

€ (E) A (g) €. (E) A ^€(E}C(g)A — — ^ (£ (g)^ A 

Idc(gi/icK)IdA 



commutative. Since £ is left robust, £ E)a £ is a left A-module via /xg^^^ = Mc(8_4£^^ c c ^here 
9' is defined in Definitions 11.11 and /Ie®Ai' unique morphism in C making the triangle below 

commutative: 

IdA®i'c®Ide: ..A 

A <g) € E) A <g) € ^ Ae>€<S)€ (v4 £) £ ■ 

IdA®Idc(§ 

€^a€ 

Our next aim is to characterize left A-linear morphisms that define a (co)multiplication on C 

Lemma 2.2. Assume that £ = A X e aCa, as in Lemma Wn\ 

(i) There is a bijective correspondence between left A-linear morphisms m „. : £ (Ea £ —J' £ and 
morphisms (^:X(x)X^A(g)X in C. 

(ii) There is a bijective correspondence between left A-linear morphisms : £ — > £ (x)^ <t in C 
and morphisms 6:X^A(>^X(E)X in C. 

Proof, (i) The morphism corresponding to a left A-linear : £ i^a £ — > £ is C := rn^T^\^{r]^ (g) 
Idjf (8)Idx)- The left A-linear morphism corresponding to ( is :— (m^ ®Idx)(IdA ® C)7c,x- ^oi 
the sake of completeness, observe that the left A-linearity of m„- is equivalent to niira^ ^(pp- ®ldo-) = 
fieildA ®rn^q^f^). 

(ii) A left A-linear morphism A^. : £ €®a ^ in C has the form — T'^\{mA®^^^)(^'^A®5x), 
for some 5x ■ X A ® X ® X . 5x is obtained from Aj. as 6x = '^€,x^ci^j^ ® Idx)- D 

Lemma 2.3. A left A-linear m „- : £ (>5a € € is right A-linear if and only if 

(2.3) {niA «) Idx)(IdA <S> ip)iC ® Ma) = {m^ ® Idx)(IdA ® C)('/' Idx)(Idx (g) ^j). 
A left A-linear Ag : £ — > £ (Eia ^ is right A-linear if and only if 

(2.4) {rriA ® Id|')(IdA ® 5x)i^ = (m^ ® Id|')(IdA ® V"^ Idx)(Idc ® ij){5x ® I^a)- 

Proof. We only prove the second assertion, the first one is left to the reader. It is not hard to see 
that 

(IdA ® ^€,x)0'Axx^Amx = ® ^e^xqix 

= Ua (Eve's) Idx = VAm ® Idx = ^Am.xqA(»£x^ 
and since qA^^ is a coequalizer it follows that 

(2.5) (IdA ® Te,x)0'A.c. 

In order to investigate when Ag is right A-linear, we compute 

J^csacIAc ® Id a) 

= i^c®Ac(Te_x ® IdA)(m^ «> Id®^ E) IdA)(IdA E) Sx E) Ma) 
= i^£«.ac(9c,c "X) IdA)(Idc E)fi^E) Idx E) Ma) 



(to^ Id|^ (8) IdA)(IdA <»SxE) Ma) 
\ciMe E) I 

g^,j.(Ide E) i^){rnA ® IdA)(IdA «) 5x Ma) 



q^£(Id£ E) viiv, E) Mx E) IdA))(mA ® M%^ E) Ma) (Ma E) Sx E) Ma) 
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Since 



and 



= Tfc.x(™A ® Mf){lRA ® IdA ® Id|2)(Id|2 ® 5x){ldA ® ^) 



'^€,xqiAlRA 



> Idx ^ Idc) = (i^e ® Idx)(m^ 



)Id 



X 



Ids:) 



U±A 



where m/ j 
(2.6) 



= {eLa ^ Id|^ ) {Ma (g) -0 (8) Idx ) (zzIa Idx «> Idc ) 
= {niA ® Id|^)(IdA ® (IdA ® Idx)(Id£ ® V-')('5x Ma)), 
m j^jm ® Ma) — 222a (Wa ® IRa)i obtain that Aj. is right A-hnear if and only if 
(222^ ® Id|')(IdA ® (IdA ® Sx)^) 

= (222a ® Id|^)(IdA (E> {Ma «> -0 ® Idx)(Id(>: ® Tp){Sx ® Ma))- 
Composing both sides of (|2.6p with rj^ Idx ^ Ma, we find (|2.4p . Consequently (|2.4p is equivalent 
to (j2.6p . and the result follows. □ 

Now we have to investigate when 222i>; is associative and when A^r is coassociative. 

Lemma 2.4. (i) Assume that : ^®a £ — > £ is left and right A-linear, that is, V2. S^) is satisfied. 
Then is associative if and only if 

(2.7) (222a ® Idx)(IdA 8> C)(V' ® Idx)(Idx «> C) = (222a ® Idx)(IdA ® C)(C ® Mx). 
(ii) Assume that A^ : £ 
coassociative if and only if 

(2.8) (222a ® Idx^)(IdA ® V"» Idx^)(Ids: ® Sx)Sx = (222a ® Id|^)(IdA (8) Sx (E> Mx)S^ 

Proof. We will only prove assertion (ii). Recall from 1301 US] that the niorphism TixnxY '■ 
DJl oa {X 0A Y) — > (SJJ *A X) oa Y is determined by the commutativity of the following diagram: 

{moA)o{X(g,AY) :" mo(X(®A yY 



^ . \L. —r € (g>A £ is left and right A-linear, that is, \2.4\) is satisfied. Then Aj- is 



Jx- 



A 



(Idgji ^Mx g) ^ y ) * an , A , X 8 ^ y 



■mOA {X (g)A Y) 
: ^m,x,Y 

y 

{D}IoaX)oaY 



We also have to make the observation that 

Aot,x : = q^^^e; 5.(Tg^^^oIde:)(IdOToIdxo?7A®Idx) 

= 9OToAe:,e:(IdOToA£ o^Z^ ® Idx)(TOT_^ « Idx) 
is an isomorphism in T>. Now we can compute that 



Woa^-X^ 



(TJx^Idx), 



113 



r'e:,(!;,cAe:ge,£(Id£ ® ® Idx)(222A IdF)(IdA «> <5x) 
re,£,c9«®Ac(Idc ® A£)(Idc ® ® Idx)(222A ® Id|')(IdA ® Sx) 

9c,cfe\e,e(Id£ ® Tg:^i^)(Idc 222a ® Idx^)(Idc ® Wa <5x) 
(Idc (g) 77^ (8 Idx ) (222a Id|^ ) (IdA «> ) 



= ® 9£,e)(Idr ® !Za ® Idx)(Idc (g 222a ® ^x ) 

(Idff g) ?7 «) IdA (g Id|^)(Idc (g) (5x)(222a ^ Id|^)(IdA ® Sx) 



iI3 



9c,c9£®e,£(Idr ^ZZa ® Mx)(Ide «) <5x)(222a ® Idx )(IdA ® ^- 
9c0AC,c(9c,£®Idc)(Idf 



(g Idx) (222a 



'Id 



.Ids 



'Idx) 
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{ldf(S)ldx<E>Sx){ldA<E>5x). 
Similarly, we have that 

AcAc ^ A£(7^g.(Ide; (E)T].(E) ldx){mA Id^^)(IdA » Sx) 

= Qc^AcA^t ® Idc)(Id£ (g) ® Idx)(TOA » Id|^)(IdA ® -^x) 
= 9c®^c,c(T^^,x ® Idc)(™A Id|^ <» Idc)(IdA ^ 6x <S) Idc) 

(Idc ry^ ® Idx)(niA Idx^)(IdA «> (^x) 
= 9£®^c,c(T^^'x ® Idc)(™A Id|' ® Idc)(Idf ® Idf ® 77^ ® Idx) 

(Id A ® i5x «) Idx)(TOA Id|^)(IdA «> <5x) 
= ^e^xiELA Id|^)(IdA «) (5x «) Idx)(mA ® Idx^)(IdA ^x) 
= Ae-,x(™A Id|^)(IdA ® (IdA ® Sx <S) ldx)Sx), 
where rn\ := UlAillLA ® Wa) = 22iA(IdA ® ELa)- Now, since 

Ac,x9c®AC,c('?£,e ® ^dc){ldf ®ri^® Idx)(TOA ® Idx ® Idc «) Idx) 
= (T^x ® ldx){v€®A<t ® Idx)(g£,c ® Idc) 

(Id|^ «) Idx )(inA ® Idx ® Idc ® Idx) 
= Tc,xg«(Ide: ® i^e:)(Id|^ ® ri^){m^ «) Idx «> Idc) «) Idx 
= (i^c (X)Idx)(niA "^Idx ® Idc) ® Idx 
= {m\ «) Id|^ ) (IdA <8) (IdA «) «> Id|^ ) ) , 
it follows that Ag- is coassociative if and only if 

(m^ ® Id|^)(IdA ® (Ma Id|')(Id£ ® Sx)Sx) 

= (m^ ® Idf^)(IdA «) (IdA ®Sx® Idx)<5x), 
and this is equivalent to (|2.8p . □ 

Finally, we have to discuss when has a unit and when Ag. has a counit. 

To this end, we first observe that left A-linear morphisms 77^ : A — > C corresponds bijectively 
to morphisms a : 1 ^ A (g X . Actually, a can be obtained from rj^ as V^V^^j while rj^ can be 
reconstructed from a using the formula (ttia ®) Idx)(IdA <8) cr) : A ^ A® X. 

In a similar way, left A-linear morphisms £g. : £ — )■ A are in bijective correspondence to morphisms 
f : X A. Indeed, / can be obtained from Eg. as / := £ff('7A ® Idx)- Conversely, Eg; can be 
obtained from / using the formula := r7i^(IdA <® /) from £ to A. 

Lemma 2.5. (i) Let be a left and right A-linear associative map, as in Lemma 
rj^ : A ^ € left A-linear. 
77^ : A — > £ is right A-linear if and only if 

(2.9) (m^ Cg.Idx)(IdA «>ct) = (m^ Idx)(IdA V')(ct «) Ha)- 



In this situation, 77^ is a unit for if and only 

(2.10) (m^ (g) Idx)(IdA <E> C)(V' <S> Idx)(Idx ® ct) = r?^ ® Idx, 

(2.11) (m^ (g) Idx)(IdA <E> Oi<^ ® Idx) = ® Idx- 

(ii) Let Ag- be a left and right A-linear coassociative map, as in Lemma \2.4[ and Eg- : £ A left 
A-linear. 

£g- is right A-linear if and only if 

(2.12) m^(IdA®/)i/^ = mA(/®IdA). 
In this situation. Eg- is a counit for Ag- if and only if 

(2.13) {rriA ® Idx)(IdA ® f d) Idx)^x ^V.® Idx, 
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(2.14) (m^ Idx)(IdA «) V)(Idc ® f)Sx = V^® Wx- 

Proof. We will prove the second statement, and leave the first one to the reader. is right A-linear 
if and only if 

(2.15) m^PdA ® (IdA ® f)^) = TOaIMa ®f® 1<^a)- 

Clearly (I2TT5)) is equivalent to ((2?T2|) . Note that ((2?T2|) follows from ([2TT5)) . after we compose both 
sides with 77^ ® Idx ® Id^- Now 

TA,xeJA(r = TA,xejT^_^^(2?i^ Id|^)(IdA 5x) 

= TA,xSg«(Idc ® ?7a ® Id-Y)(2i^A ® Idx^)(IdA » ^x) 

= TA^xqix^^i ® Ide-)(Idc (8) ry^ ® Idx)(zziA ® Idx^)(IdA ® 5x) 

= (m^ ® Idx ) (m^ ® IdA ® Idx ) (Idf ^ «) r?^ Cg> Idx ) 

(IdA ®f® Idx)(mA ® Idx )(IdA ® ^x) 
= {jriA ® Idx ) (IdA / ® Idx ) (m a Id|^ ){ldA®5x) 
= (?7i^(g)Idx)(IdA«)(IdA«)/®Idx)5x), 
and we obtain that TajX^JAc ~ Idc if ^nd only if (j2.13l) holds. In a similar way, we have that 

TceJAg. = (m^ ® Idx)(IdA ® (Wa ® V')(Idc ® /)(5x), 
and so T(j£jA,j = Id^ if and only if (|2.14p holds. □ 
Collecting our results, we obtain Proposition 12.61 

Proposition 2.6. Let A be an algebra in a monoidal category C which is left cofiat and X a left 
cofiat object of C . A (i) X is a left A-module in C via the multiplication m a of A. Then 

(i) A-ring structures on A X in C correspond bijectively to morphisms ■0 : X (g) A ^ A (g) X , 
Cx-X®X ^ A®X anda -.l-^ A®X mC such that ( fOj) . JOI) . JO) . [K^ , JO) . fH^) and 
\2.11\) are satisfied. 

(ii) A-coring structures on € = A iS) X correspond bijectively to morphisms ip : X ()^ A ^ A ()^ X, 
Sx ■■ X ^ A(g>X (g)X and f : X ^ AinC such that ^MJ^, ^MdW, WdM and 
[il4^ hold. 

For further use, record that £ is a (co)ring in C compatible with a right C-category "D if, in addition, A 
and X are also (left) 2?-coflat objects of C. In both cases we refer to the yl-(co)ring £ as a quadruple 
(t — [A ($1 X , , {Sx)Cx, {f)<^) with V', (^x)Cx, (/)o' satisfying all the conditions in Proposition 12.61 

3. The categories EM(C)(yl) and Mnd(C)(A) 

The main goal of this section is to restate the necessary and sufficient conditions for A — to be 
an A-(co)ring in terms of monoidal categories. More precisely, we will show that A® X admits an 
A-(co)ring structure with the given left A-module structure if and only if X is a (co)algebra in a 
certain monoidal category. In a earlier version of this paper we have constructed this category by 
hand, inspired by the structures of X that endow A® X with an A-(co)ring structure. Afterwards 
Gabriella Bohm pointed us that our monoidal category should be related to the Eilenberg-Moore 
category associated to C, viewed as a 2-category in the canonical way. After some more investigations 
we obtained the results of this Section. 

Let /C be a 2-category; its objects (or 0-cells) will be denoted by capital letters. 1-cell between two 

/ 

0-cells U and V will be denoted as U ^ V , the identity morphism of a 1-cell / by 1/ and, 

more generally, a 2-cell by / > /' . We also denote by o the vertical composition of 2-cells 
/ ) ' /' )- /" in /C(C/, F), by the horizontal composition of 2-cells 

/ 9 
}' 9 
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and by ( U — U , lu ===> lu ) the pair defined by the image of the unit functor from 1 to 
IC{U,U), where 1 is the terminal object of the category of small categories. For more detail on 
2-categories, we refer the reader to ]^ Ch. 7] or [211 Ch. XII]. 

To a 2-category /C, we can associate a new 2-category EM{}C), called the Eilenberg-Moore category 
associated to /C. We sketch the definition, following [21]. 

• 0-cells are monads in K,, that is quadruples {A,t,fi,ri) consisting in an object A oi JC, a 1-cell 
A — ^—^ A in K, and 2-cells tot ^ t and \a ' )- 1 'm K, such that 

o It) = ^ o (It ^) , /X o (It ?7) = It = /i o (ry It) ; 

• 1-cells are the monad morphisms, i.e., if A = {A,t^ ^t,^t) and B = {B, s, fis,r]s) are monads in 
JC then a monad morphism between A and B is a pair (/, ip) with A B a 1-cell in K and 

sf > ft a 2-cell in K, such that the following equalities hold: 

(1/ 0Mt) ° ii'QU) o (1^0^') = (m* 1/) , ^°ivs 1/) = 1/ 0?7t; 

• 2-cells (/, V') > {g, 4>) are 2-cells / ^ )• gt in IC obeying the equality 

(3.1) (Ig fit) 0{PQ It) O V = {Ig /it) O (0 It) O (1, p)- 



the vertical composition of two 2-cells (/, ip) > {g, (j)) > {h, 7) is given by 



(/,V)^^(/i,7) , p'op:=(U0/it)o(p'0lt)op; 

• the horizontal composition of two cells 

(/,'/') (9:0) 

is defined by (5, </>)(/, ip) = {gf, (Ig V) o (0 1/)), etc. and gf .g'/'i given by 

p(Z)p:= (Ig' 1/' Mt) ° (V P It) ° (Iff' V') o (p' 1 /); 

• The identity morphism of the 1-cell (/, ip) is \f Qrjt, and for any monad A = {A, t, fit, Vt) in ^ we 
have (1a, «a) = ((lyi, lt),'^t)- 

It is well-known that strict monoidal categories can be viewed as 2-categories with one 0-cell *. 
The 1-cells are the objects of the monoidal category, and the 2-cells are its morphisms. So we 
can consider the Eilenberg-Moore category associated to a strict monoidal category. This will be 
described in Proposition 13. II 



Proposition 3.1. The Eilenberg-Moore category EM{C) of a strict monoidal category C can be 
described as follows. 

• 0-cells: algebras in C; 

(x.,i>) 

• 1-cells: A B with X an object of C and ip : X (E) B ^ A X morphism in C compatible 

with the algebra structure of A and B, in the sense that 

X B B X B B 



(3.2) 




^ X 



_L 



A X 



A X 



AX AX 
X B 

where tp = )Si( is our diagrammatic notation for a morphism ip: X(i^B-^A(EX; 
A X 
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• 2- cells: {X, ip) > (V, cj)) is a morphism p : X ^ A(S^Y in C such that 

(3.3) (rri^ Idy)(IdA ® p)iJ = {m^ ® Idy)(IdA ® ® Ids); 

• the vertical composition of two 2-cells {X, ip) ^ ) • (F, 0) ^ )• (Z, 7) is the following composi- 
tion in C: 

(3.4) p' ° P-= {niA Idz)(IdA «) p')p ■■ X ^ A(»Z; 

• the horizontal composition of 2-cells 

A^"^ B^lj^ C 
/ XYC 



is defined by {Y,<p){X,'iJj) = 
A>S) X' >S)Y' given by 



X(^Y, 




, where (j) = 



\ AXY I 

X Y 



(3.5) 



p (Z)p:-- 



X B 

)8( , etc. and p' (Z) p : X ®Y 
A X 



X 



where p = p , etc 



A X' 



A X'Y' 



{X.4:) 



• For any algebra A in C we have 1a = Id^) and iA — rj ^, and for any l-cell A — ^ A we 
have = I?^ ® I^x- 

Proof. The starting point is the identification of a monad in EM(C) with an algebra in C. It can be 

easily checked that a monad A = (*, * — * , : AA — A® A — A, 77^ : 1* = 1_ ^ A) in EM{C) 
is a triple {A, rrij^, r]^) consisting of an object A G C together with two morphisms : ^ (g) A ^ A 
and rj^ : 1^ A in C such that 

ElAilBLA ® Idyl) — IRj^ildA ® m^) and m^(f]^ ® Id^) = Id^ — mj^{ldA »7^). 
Thus the 0-cells of EM{C) are the algebras in C. Then a monad morphism between two algebras A 



and _B in C is a pair ( * ■ 
in C such that 



X 



, i)) with X e C and V' : = X (g) B ^ XA = A®X morphism 



(rri^ (K> Idx)(IdA ® '/')(''/' ® Ids) = V'(Idx ®IRg) and -0(ldx ® 2s) ^ !Za ® 

In diagrammatic notation these equalities read as p.2p . so they are the required conditions for 
(X,-0) to be a l-cell in EM{C). 

Now, a 2-cell (X, ip) ^ )- (F, 0) is a morphism p : X ^ Y A ^ A®Y satisfying the condition 

X B 



(3.6) 



X B 



A Y 




A Y 

If we rewrite this formula as a composition of maps, then we obtain p.3p . The proof of all the 
remaining assertions is similar. We point out that the proof of p.5p is based on p.6p . □ 
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Let U be 0-cell in a 2-category JC. Then IC{U) := JC{U, U) is a monoidal category. The objects are 

1- cells K ^ K, morphisms are 2-cells, and the tensor product is given by vertical composition of 

2- cells. The unit is Ij/, the unit 1-ceU on U . We can apply this construction to EM{C). In this way, 
we obtain a monoidal category EM{C){A), for any algebra A in C. In Corollarv l3.21 we provide an 
explicit description of this category. 

Corollary 3.2. Let A be an algebra in a monoidal category C. Then EM{C){A) is the following 
monoidal category. 

• Objects are pairs [X, ■(/;) with X object in C and il}:X®A^A®X morphism in C such that 



X A A X A A 



(3.7) 




A X 



A X 



X 



X 



A X 



A X 



• Morphisms p : {X, ?/;) — > (Y, (j)) are morphisms p : X ^ A(EiY satisfying i3.6]} . and the composition 
of two morphisms p and p' is as in i3.4\ l- The identity morphism Id(x,i/)) Vj^ ® Idx. 

• The tensor product is defined by 



X Y A 



(3.8) 



{X, V')M^> (j))^{X(g) Y, i^xisv), with Vx®y := 




A X Y 



and the unit object is (1_, Id^)- The tensor product of two morphisms p and p' is p®p' :— p' (Z) p as 
it is defined by \3.5\} . 



We are now ready to state and prove the main result of this Section. 

Theorem 3.3. Let C be a monoidal category, A an algebra in C, T> a right C-category and X an 
object of C. Suppose that A,X are (left) T>-coflat and left cofiat objects of C. Then € = A <S) X 
has an A-(co)ring structure in C compatible with T> if and only if X has a (co)algebra structure in 
EM{C)[A). 

Proof. Wc show that the conditions in Proposition 12.61 are equivalent to X being a (co) algebra 

X A 

in EM{C){A). Denoting -0 = , in diagrammatic notation, (|2. 1112.21) reduce to (|3.7I) . Hence 

A X 

(|2.m2.2p are equivalent to the fact that {X, ip) is an object of EM{C){A). Now we write 



X 



Sx = 



X 
A 



A X X 
((O)) and ([2Jl) take the form 

X X A X X A 



(3.9) 





X X 



A X 



and 



i 



A X 



XXX XXX 



A X 



A X 



A X 



A X 
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(113) and ((^ reduce to 
X A 



(3.10) 



X 




X A 




and 



A XX A XX 
In a similar way, (|2.10p and (|2.11l) read as 

























u 







XXX 




A 



X 



A XXX 



X 



(3.11) 



A X 




X 



A X 



A X 

while (ETT^ . (P?T^ and (P?Ti)) can be written as 



A X 



X 



A X 



A X 



X 



X A 



(3.12) 



X A 



f) = 



A 



A 



X 



and 



A X 



A X 




X 



® = J_ 



A X 



A X 



It can be easily checked that the first equality in (j3.9p is equivalent to the fact that the map 
mx ■■ {X,'ip)®{X,ip) {X,ip) defined by = Cx ■ X ® X ^ A® X is a. morphism in EM{C)[A), 
and that (I3.10p is equivalent to the fact that Aj^- : {X, ip) — > {X, 'ip)®{X, ij}) defined by Aj^ = 5x '■ 
X-^A®X®X\s& morphism in EM{C){A). 

We now show that is coassociative if and only if the second equality in (I3.10p holds: 



X X 



X X 



A XXX 



AX X X 



X 



(Id(x,v)®A_^) o A^ = 




A XXX 
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In a similar way, we have that 



X 



X X 



A^®Id(x, 



so ( A^^Ici(x,v,) ) ° Ax = 



A X X X 

















s 








u 







A XXX 

Comparing these two equahties, we obtain that coassociativity of A^^- is equivalent to the second 
equality in (I3.10p . In a similar way, associativity of to y is equivalent to the second equality in (j3.9|) . 
Finally, assume that rj^ : (1, Id^i) — ^ (Xjip) and Ex ■ {X,ip) (1, Wa) correspond respectively to 
a : 1^ A^ X and f : X ^ A mC, as in Lemma 1^751 Then rj^ is a morphism in EM{C){A) if and 
only if the first equality in p. lip is satisfied, and Sx is a morphism in EM{C){A) if and only if the 
first equality in p.l2p holds. Composing the equalities 



X X 



X X 



= ® 



and Id 



'-X 



A X 



A X 




X X 



A X 



with A_x, we obtain that 



X 



(ey®Id(x,^)) o A 



.X 



and 



A X 




Therefore, (ex®M(x,vo) ° Ax = if and only if the second equality in (I3.12p holds, and 

(Id(x,?/j)®£x) ° Ax — ^(x.i/;) if and only if the third equality in (j3.12l) holds. In a similar manner 

a is equivalent to the second and the third equality 

□ 



we can show that the unit property for rj^ 
in (IXTTD . 



It is well-known fact in classical Hopf algebra theory that particular examples of A-(co)ring struc- 
tures of the form A^ X can be obtained in the situation when X is a (co)algebra entwined with A. 
We end this section by showing that this situation occurs in the particular case when Cx = ?7^(8)TOy, 



*^ ^x some rrix 



X®X^X. 



f — Vj^^x for some morphism Ax : X ^ X 
then 



X 



1 ^ X in C, respectively when 5x = "H 



iX' 



X 



: tx 



X ^ 1 in C. Actually, if this is the case 



= (Wa mxhc.x , = Id^ (g) 77 



LLX' 



(3.13) 
and respectively 

(3.14) Ag = T^^x{^Aa®Ax) , £c = Ma ® ex- 

Proposition 3.4. Let A, X be left coflat objects in C such that A carries an algebra structure in C 
and rj ^ ® Idy is a monomorphism, for any Y ^ C. 



(i) (£,22l(r' '^g)' with andrj^ defined by i3.13\) is an A-ring if and only if {X , rux , rj ^) is an 
bra in C and there exists ^:X'SiA^A<S)X such that 



ip{ldx'S>m^) = ('0(K)IdA)(IdA«)i/')(zZlA®Idx) 
-0(iny ^Ma) = {Idx (E)tp){tp (E)ldx){ldA(E)fnx) 



V'(?7y ® Id^) 



Idx 

Idyl ® V 



iix 



14 



D. BULACU AND S. CAENEPEEL 



(ii) (£, A,r,e|r); with and as in ^3.14^ , is an A-coring if and only if (X,Ax,Sx) is a 
coalgebra in C and there exists a morphism tp:X'SiA^A<S)X in C such that 

(V"8)Idx)(Idx «)'(/')( Ma) = (Wa «) A^)V' , (Wa cg> ex)V' = £x ® Ma • 

Proof. This is a consequence of Proposition 12.61 The first two equahties in (i) and (ii) coincide, 
and are imposed by Lemma l2.ll Then (|2.3p . the condition that m,^ is right A-hnear, simphfies 
to the third condition in (i). Right yl-hnearity of Ag is equivalent to (j2.4p . which reduces to the 
third equahty in (ii). The fourth equahty in (i) is equivalent to (j2.9p . which is equivalent to right 
j4-linearity of rj^. Similarly, the fourth equality in (ii) is equivalent to (j2.12L the condition that is 
needed to make right A-linear. 

If is given by p.l3p , then rng- is associative if and only if 

{■q^ ® Idx)22ix(22ix ® Idx) = (?y^ ® ldx)inx(lAx ®rnx). 

Using the assumption that r]^ ® Idx is monic, we obtain that my is associative if and only if ru if 
is associative. 

Similarly, if A_x is defined by p.l4p . then (j2.8p reduces to 

IdA ® (Idx ®^x)^x = Wa ® {^x ® Idx)A^, 

and therefore the coassociativity of Aj^- implies the coassociativity of Ag. Conversely, if A,j is 
coassociative then the above equality and the naturality of ® imply that 

(77^ ® Idx»3)(Idx ® Ax)Ax = (?7^ ® Idx®3)(A^ ® Idx)A^. 

By assumption, rj ^ ® Id^ »3 is monic, so Aj^- is coassociative. 

Finally, it is easy to see that the counit property of £x (with respect to Aj^) implies the counit 
property for (with respect to A,j). Conversely, the assumption that rj ^ ® Idx is monic implies 
that the counit property of Aj^ follows from the counit property of e^.. 

The equivalence of the unit property of r]^ with respect to and the unit property of ry^ with 
respect to my follows using similar arguments. □ 

Remark 3.5. The assumption that rj ^ ®lAx is monic is not needed in the two converse implications 
in Proposition 13.41 if X is a (co) algebra in C satisfying the four conditions in (i) and (ii), then 
£ is always an A-(co)ring. For the direct implications, it suffices to assume that r}^ ® Idx and 
77^ ® Idx»3 are monic. 

We finish this Section with a monoidal interpretation of Proposition l3.4l First we recall from [271121] 
that we can associate a 2-category Mnd(/C) to any 2-category /C. The 0-cells and 1-cells of Mnd(/C) 
are the same as those of EAI{IC), that is, 0-cells are monads in K. and 1-cells are monad morphisms. 
The 2-cells are defined in a different way: if (/, V') and {g,(j)) are 1-cells A = {A,t, ij,t,rit) B = 

{B,s, iis,Vs), then a 2-cell (/, "0) ^ )- {g,<p) is a so-called monad transformation, that is a 2-cell 
/ ^ > g in /C such that 

(p0 It) o = (?!)o (1, 0p). 

The vertical composition of 2-cells is given by vertical composition in K, and the horizontal compo- 
sition of 2-cells 

A^J^M^^C is gfJ^g'f'^ p'0p:=(V0p)o(p'0l/), 

where {g,(f)){f ,^]) = {gf, (Ig V') ° ('/' © 1/)), etc. We also have that 1(/,^) = 1/ and (1a, *a) = 
((1a, lt),*A), for any monad A = {A,t^ fit^rit) in /C. In Proposition 13. 6[ we describe the 2-category 
Mnd(C) corresponding to a 2-category with one 0-cell, that is a monoidal category C. We omit the 
proof, as it is similar to the proof of Proposition 13.11 
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etc. 



Proposition 3.6. Let C be a monoidal category. The 0-cells and 1-cells o/Mnd(C) coincide with 
those of EM[C), see ProvositionUlX A 2-cell [X.ijj) {Y,<j)) is a morphism p : X Y such 

that (j){p <^ldB) = (Id-A (E) p)'4' ■ Vertical composition of 2- cells is given by composition of morphisms 
in C. The horizontal composition of two 2-cells 

{X^ jY^ ( ^ T ?\ 

B'"'^ C IS defined by {Y,(j)){X,i}) ^ X ®Y, 

^ V axyJ 

and p' <Z)p:— p®p' : X ®Y X' ®Y' . Furthermore, for any algebra A in C we have 1a = (1, Id^) 
and iA — Idi, and for any 1-cell A s- A we have l(x,ip) — Idx- 

As the reader might expect, the A-(co)ring structures in ProDOsition l3.4l are related to the monoidal 
structure of Mnd(C)(A). These structures can be also viewed in EM{C){A) via the monoidal func- 
tor F : Mnd(C)(A) — > EAI{C){A) that acts as the identity on objects and sends a morphism / in 
Mnd{C)[A) to F{f) = V^®)- F comes from the 2-functor E : Mnd(/C) EM (/C) which is the iden- 
tity on objects and 1-cells and sends a 2-cell (/, ?A) ^ > [g, (p) in Mnd(C) to (/, ===>'{g, 4>) , 
a 2-cell in EM{IC). Now the proof of Proposition 13.71 is left to the reader as a straightforward 
exercise. 

Proposition 3.7. Let A, X be left cofiat objects in C, and assume that A carries an algebra structure 
in C such that rj^ ® Idy is monic, for any Y C. 

(i) (£, m^, 77^), with and rj^ defined by i3.1S\) . is an A-ring if and only if {X, m^, ri^) is 
an algebra in Mnd(C)(A). 

(ii) (£, Ag.,eg.), with Ag. and as in ^3.14^ , is an A-coring if and only if {X,A_x,ex) is a 
coalgebra in Mnd(C)(A). 

4. Wreath products and categories of (co) representations 

The monoidal category Mnd(C)(A) appears already in the work of Tambara |35) . where it is termed 
the category of transfer morphisms. Inspired by this terminology, and by the paper [30] . we in- 
troduce the notation Ta — Mnd(C)(yl), and, by analogy, Ta — EM{C){A). It is known that 
algebras in Ta are in bijective correspondence with cross algebra product structures, see for exam- 
ple [131 Proposition 2.1]. The aim of this Section is to show that algebras in Ta are in bijective 
correspondence with the so-called wreath products. We will also discuss coalgebras in Ta ■ Recall 
that a wreath in a 2-category K. is a monad in EM{IC). According to a wreath is a monad 

A = {A, t, p, r/) in /C together with a 1-cell A — ^—^ A and 2-cells ts ^ > st , 1a > st and 
ss ^ st satisfying the following conditions: 



(4.1) (1, /i) o (V^ It) o (It V) = V ° Is) , o (?7 Is) = la ?7 ; 

(4.2) (1, Qp)o{^Q It) o {It cr) {Is Gp)o{aQ h) ; 

(4.3) (1, Ai) o (V^ It) o {It C) = (Is Qp)o{CQ It) o (1, V) o (V' Is) ; 

(4.4) (1, Qp)o{CQ It) o (1, C) = (l,s m) o (C h) o {Is V) o (C Is) ; 

(4.5) (ls0Ai)°(C0lt)°(ls0f^) = ls0?7 ; 

(4.6) {Is /i) ° (C It) ° (Is V-) ° (o- Is) = Is ?? ■ 

Let us introduce the dual notion. A triple (C, C — C , tt ^ > t , C ^ > Ic ) is called a 
comonad if 

{ltGS)od={SQ It) o S and (/ It) o J = 1^ = (1^ Q f) o S. 
A comonad in EM{JC) is called a cowreath. It can be described as a monad A = {A,t,p,ri) in IC 

equipped with a 1-cell A — ^—^ A and 2-cells ts ^ > st , s ^ > sst and s ^ > t such that 
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(|4.m4.2p and (|4.7ll4.1ip are satisfied. 



(4.7) = (Is G Is Q ^i) o {1, Q Q It) o{^Ql,Q U) o (It S) ; 

(4.8) /io(lt0/) = ^o(/0lt)oV' ; 

{U Is Is m) ° (Is Is V' It) o {S Q Is & U) o S 

(4.9) = (Is 1s 1s m) ° (Is 0(5 It) 0,5 ; 

(4.10) (Is m) ° (V^ It) ° (/ Is It) o <5 = Is 77 ; 

(4.11) (ls0Ai)o(ls0/0lt) = ls0?7 ■ 



We now look at wreats and cowreaths in a monoidal category. 

Proposition 4.1. A (co)wreath in a monoidal category C is a pair {A,X), where A is an algebra 
in C, an X is a (co) algebra in ■ Consequently, (co)ring structures of the form A0 X studied in 
Sections\^and\^are in bijective correspondence with (co)wreath structures inC. 

Proof. As we liave seen in tlie proof of Proposition 13. 1[ giving a monad in C is equivalent to giving 

an algebra A in C. Moreover, a 1-cell * — * is an object X oiC and the required 2-cells ip, a, ( 
in the definition of a wreath are morphisms i/j : X A ^ AiS^ X , a : 1 —i' A^ X , ( : X X A^ X 
in C. It then comes out that (|i?T|) is (|X7)) . (g^l) is the first equality in (|XTT|) . ((1?^)) is the first 
equality in (j3.9D , (j4.4D is the second equality in (13.91) , (14.51) is the last equality in (j3.1ip and (j4.6l) is 
the second equality in (13. lip . The dual statement about cowreaths can be proved in a similar way, 
we leave the details to the reader. □ 



Now we discuss (co)representations of (co)rings defined by (co)wreaths. Since the computations are 
rather lenghty, we decided to divide them into several lemma. 

If 2? is a right C-category then a right module over an ^-ring £ is an algebra for the monad — £ 
on the category Va- Explicitly, it is a right module 9Jl in 2? over A together with a morphism 
: 9Jl £ ^ 9Jt in Va which is associative and unital modulo the C-category structure of V and 
the ring structure of £. 

Lemma 4.2. Let V be a right C-category and [A, X) a wreath in C such that the A-coring £ = AiSiX 
is compatible with the C-category structure ofD. Then a right ^-module is an object 9Jt in Da (with 
structure morphism : 9Jt o v4 — )■ 9JtJ equipped with a right X -action : 93t o X — > 2)t such that 

(4.12) iy^{v^oldx)ildmoij) = 4j(:/^ oHa) ; 

(4.13) 4,(1^^ oldx) = i/^(i^^ oIdx)(IdOT oC) ; 

(4.14) 4j(iy^ o Idx)(IdOT o a) = Idsa; . 

Proof. Since Trjyi^x ■ (A^X) — > DJloX is an isomorphism, any morphism i/^^ : (A(E)X) — )■ 
in P is completely determined by a morphism : DJl o X ^ dJl m V . Then i^^^ is right A-linear 
if and only if (j4.12p holds. Moreover is associative if and only if (j4.13p is satisfied, and is 
unital if and only if (|4.14l) is fulfilled. Verification of the details is left to the reader. □ 

This description of right representations of the ring A ® X will allow us to show that there is a 
bijective correspondence between right representations of A X and representations of the wreath 
product A^^^Q^^X, see Theorem l4.4l Recall from [3T] that if (A, s, ■(/;, a, C,) is a wreath in a 2-category 
C then st with 

^ ^l,0^01t IsQls&ti ^ C IsOa^ 

stst > sstt > sst > stt )- st 

and 1a > st is a monad in K,, called the wreath product of A and X . If /C — C is a monoidal 
category, and {A,X) is a wreath in C then A^^^i^^crX , the wreath product of A and X, is A^ X 
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with multiplication 

A X AX 



(4.15) 



A X 

and unit a -.l^ A® X. 

Remarks 4.3. (i) Observe that Brzezihski products [9] are particular examples of wreath products. 
Namely, they are wreath products for which the unit morphism a has the form 77^ ® i, for some 
b : 1 ^ X morphism in C. 

(ii) Let A^^^Q^aX be a wreath product in a monoidal category C. It is easy to show that ip and C 
can be recovered from the multiplication 

AX AX 




A X 



in Aij^^^Q^aX, namely 



(4.16) 



X A 



T 

















X X 



and C 



T 


T 













A X 



A X 

Furthermore, in A^^^t^_f,X we have the identities 
A AX 



(4.17) 



A X AX AX AX 



A AX 


T 










and 




A X ^ 







A X 



A X 



A X 

A long but straightforward computation shows that \i A®X carries an algebra structure in C with 
unit CT then A ® X is a wreath product with the same unit s& A®X if and only if the two conditions 
above are satisfied. To this end, we define -0, C in (|4.16l) and then show that p.7|) . (|3.9p and (|3.11l) 
are fulfilled, and that the original multiplication oi A®X coincides with the one on A^^^i^^^X . We 
leave all these details to the reader. 

(iii) This characterization of a wreath product algebra allows us to show that there exist algebras 
of the form A® X which are not wreath product algebras. 

Let if be a fc-bialgebra, let A be a iJ-bicomodule algebra and let ^ be a ii-bimodule algebra. This 
means that A is an algebra in the monoidal category of bicomodules over iJ, and that A is an 
algebra in the monoidal category of 7?-bimodules. Now we consider the right version of the L-R 
smash product A t] ^, as introduced in [211 Proposition 2.1]. As a vector space, K\\ A — h.® A., 
with multiplication 

{u \\ ip){u' [\ If') = U[o]u'^o) if ■ "(i))("hi] • f')^ 
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for u, u' G A and (p, ip' £ A, and unit 1a [\ 1^. Then A t] ^ is an associative unital fc-algebra, and a 
simple inspection shows that (|4.17p is not satisfied. We can conclude that A (g) ^ it is not a wreath 
product in the category of A:- vector spaces, kM. 

Now we can prove the main result of this Section. 

Theorem 4.4. Let V he a right C-category and {A, X) a wreath in C such that the A-ring £ — A®X 
is compatible with the C-category structure of T). Then the category of right representations in V> 
over the A-coring £ is isomorphic to the category of right modules in V over the wreath product 

A#i,,Q.aX. 

Proof. We use the characterization of a right representation over £ presented in Lemma 14.21 First 
observe that a right £-module 9Jt is a right module in V over A^^^c^^^X with 

rniAx m.Ax 



Indeed, we have that 

mAX AX MA X A X 




MA X A X 



MA X A X 




as needed, cf. (I4.15p . Moreover, it follows from (14.141) that this action is unital. 

Conversely, if CDt is a right module in V over A^^^q^„X via v^xx then the actions on 9Jl defined by 



i'OT(IdOT o iniA Idx)(Id^ 



and 



^a)):dJloA^m 



satisfy (|4. 12114. ll]) . so 971 is a right £-module. We leave it to the reader to verify that these con- 
structions are inverse to each other. □ 

Now we will focus on the dual situation. We need some preliminary results first. 

Lemma 4.5. Let 9Jl G Va and let : D)l OJlo X and : 971 — >■ 971 £ be morphisms in V 
such that — Trxn,xP^- Then is right A-linear if and only if 

(4.18) p^i^m = (z^OT oIdx)(IdOT o V')(/Oot oWa). 

Proof. Recall from [351 1301 US] that 97t £ has a right module structure in V over A given by the 
unique morphism z^otoaC : (97To^£)oA 97to^£ in V satisfying i^mioAeilm c^^Wa) = ^(^dmoi^e) ■ 
We then have 

'^moAiiPm o Wa) = '^moAc{^mi,x ^dA){p^ o Id^) 

= i^a)io^e:(9OT.(r <>IdA)((IdOT Idx) oldA){p^oldA) 

= Imxi^^'m o J^e:)(idm o {v^ ® Idx «) ldA))ip§i * ^a) 
= (7OT,e:(IdOT*^)(POT*IdA). 
Since p^vm = "^m xPwi'^^^ follows that I'moAt is right A-linear if and only if 

It is clear that this condition is equivalent to (j4.18p . □ 
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Lemma 4.6. Under the assumptions of Lemma \4-5[ assume that is right A-linear, so that 
is defined, see Section \1.2l Then p^j is coassociative if and only if 

(4.19) (p^ o ldx)p^x = i^m o Idf)(IdOT o Sx)p^. 

Proof. Consider Fjj,; y and K^jji.x as defined in the proof of Lemma YlM 
On one hand, we compute 

= aOTo^e;,c(POT*Id(r)(IdOTOf7^®Idx)pOT 

= aOTo^£,c(9OT,c *Ide:)((Id9:,t o?7^ ® Idx) o Ide:)(pOT <> Ida:)(IdOT o ® Idx)^^ 

= aOTo^£,c(9OT,c * Idc)((Id9:,t o ® Idx) o Idc) 

(Idan o Idx o Idx ) (pot <> Idx )pot 

= Aot^x(Pot oIdx)POT = TfOTo^cxC^OT^,^ *Idx)(pOT oIdx)POT- 
On the other hand, we have 

Tot^ccAj-p^ = r^o; g. cA^g^^; ^.(IdOT o?7^ (8)Idx)POT 



= ^OT.c^OTkc^^^^t o gc,(r)(IdOT o Idc ® «) Idx) 

(Wot o [jua ® Idx^)(IdA ® ^x)(»7^ «) Idx))POT 
= ^OT.c^OToceCldOT ^Idc 77^ «) Idx)(IdOT *'5x)pot 

9OT0AC,e(9OT,e: <> Id(!:)(IdOT o Idc » r?^ Idx)(IdOT o 5x)Pot 
= '7otoa£,(!:(Mot<>^c *!Za ® Idx)('74,c oIdx)(IdOT <> '^x)Pot 
= Tf^OTo A c,x , e o Idx ) (Mot o (5x )pot • 
It follows that p^ is coassociative if and only if 

(pOToIdx)POT = (TOT,xoIdx)('7OT,(roIdx)(IdOTO^x)POT- 

Now 

(Tot,x oIdx)(gOT,e: <>Idx) = *Idx ^ildx, 
so we can conclude that p^ is coassociative if and only if (|4.19p holds. □ 

The above results lead us to our next definition. 

Definition 4.7. Let (A, X) be a cowreath in a monoidal category C and let 2? be a right C-category. 
A right generalized entwined module in 2? over (A, A") is a right module 9Jl in 2? over A together 
with a morphism p^ : 9Jt -» o X in 2? satisfying (|4.18L (I4.19P and 

(4.20) i^OT(IdOTo/)pi; =IdOT. 

2?(?/', (5, /);J is the category of right generalized entwined modules in T> over (A, X) with morphisms 
i9 : ^ 91 in 2?A satisying 

(4.21) p^,?= (z/<„oIdx)(i? 77^®Idx). 

Lemmas 14.51 and [4 . 61 provide the following description of the category corepresentations over a coring 
of the form A®X. 

Theorem 4.8. Let V be a right C-category and {A, X) a cowreath in C such that A and X are (left) 
V-coflat and left cofiat objects of C. Then the category T>^ of right corepresentations in T> over the 
A-coring £ = A X , is isomorphic to T>{il;, S, f)^- 

Proof. The isomorphism is given the functor : V{ip,Sx, f)A ^ defined as follows. For 
DJl e T>{^jj,Sx , f)^: = SOT as modules in 2? over A, with right £-comodule structure Pot ■= 

'^m xPm- ^ote that Tot^cPot ~ ^dOT if and only if (I4.20p is satisfied. □ 
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5. Examples of wreaths and cowreaths arising from actions and coactions of Hope 

algebras and their generalizations 

In this final Section, we discuss a series of examples, coming from quasi-bialgebras, dual quasi- 
bialgebras, bialgebroids and weak bialgebras. 

5.1. Quasi-bialgebras. Our first aim is to provide examples of (co)wreaths of the form {A,X) 
with X as a 0-cell in rather than in Ta- Such examples can be produced using actions and 
coactions of quasi-bialgebras and their duals. For the definition of a quasi-bialgebra H we invite the 
reader to consult [20 , 22 . We note that we adopt the following convention: the tensor components 
of the reassociator $ of iJ are denoted by capital letters, 

and the components of the inverse are denoted by small letters, 

<I>"^ = .x^ (g) e H (E) H (g) H. 

Let H he a quasi-bialgebra, and let (21, p, <I>p) be a right 77-comodule algebra, as defined in [IS]. 
For the right _ff-coaction p on 21, we use the notation p{a) = 0(o) (8) a^i) G 21 (23 i/. Let A be an 
iJ-bimodule algebra, that is an algebra in the monoidal category of iJ-bimodules. According to 
[TTj , is a left i/-module algebra, that is an algebra in the monoidal category of left i/-modules 

hM-- The multiplication is given by the formula 

where $p ^ Cg) iX> is the inverse of $p in the tensor product algebra "Qi ® H ® H and • 

denotes the right action of H on A, the unit is la#l^, and the action of H on 21#^ is given by 
h ■ (a#(^) = a#/i ■ (p. 2l#^ is called the generalized quasi-smash product of 21 and A. In the case 
where ^ = B is a right if-module algebra, considered as an 77-bimodule algebra with trivial left 
iJ-action obtained by restriction of scalars via the counit e, Ql^B reduces to the right generalized 
smash product of 21 and B, as introduced in [11] . 

Proposition 5.1. Let H be a quasi-bialgebra, (2t,p, $p) a right H-comodule algebra and A an 
H-bimodule algebra. Then (.4,21) is a wreath in hM. with 

• 21 considered as a left H-module in a trivial way; 

• '■ Afg^^"^® A, 4i{(p®a) = a(o) ® i^a • a(i) ; 

• C, A® A ^ %® A, Civ ® if') = xl® {if ■ xl){ip' ■ xl); 

• a ■.k^'Qi.®A, cr(l) = l%® 1a- 

Furthermore, the resulting wreath product is the generalized quasi-smash product 2l#yl. 

Proof. The associativity constraint on is given by left action by the tensor components of $. 
In several situations below, we have left if-modules with trivial action, and then we can freely omit 
the parentheses. With this observation in mind, we have the following. 

1) (j3.7p follows from the fact that p is an algebra morphism and .4 is a right i/-module; 

2) the first equality in p.9p comes out as 

and follows from the coassociativity of the iJ-coaction p on 2t; 

3) the second equality in (|3.9I) reduces to 

= ilvl ® [{x' ■ ^ • iliylMix' • v' ■ S:liyl)2)Kx' • v" ■ f), 

where y],®]pp® ijp is a second copy of 'I'p ^. It follows from the associativity of the multiplication 
on A in H-M.H (which is modulo the conjugation by and from the 3-cocycle condition on $p; 

4) p. Ill) is trivially satisfied. 

Using (j4.15D we can easily verify that the corresponding wreath product ^#^x,c-^ precisely the 
generalized quasi-Hopf smash product 21^.4. □ 
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Corollary 5.2. Let H be a quasi-bialgebra, let (21, p, $p) be a right H-comodule algebra and let B 
be a right H-module algebra. Then (21, B) is a wreath in kM and the corresponding wreath product 
is the right generalized smash product of % and B. 

Proof. This follows from the comments preceding Proposition 15. II Observe that the wreath struc- 
ture of (2t, B) is precisely as in the statement of Proposition 15.11 and that the resulting wreath 
product is a /c-algebra since the left i/-action on B is trivial. □ 

In [211 Example 3.3] it is shown that Sweedler's crossed product of Hopf algebras [33] is a particular 
example of a wreath product. For quasi- Hopf algebra we don't have yet such a construction. 
Nevertheless, it can be considered in the dual case [2], and as we will next see it is a particular case 
of a wreath product as well. 

We end this subsection with two examples of cowreaths (A, X) for which X has to be considered in 
T* 

'A ■ 

Proposition 5.3. Let H be a quasi-bialgebra, let (21, p, $p) be a right H-comodule algebra and let 
C be an H-bimodule coalgebra, that is a coalgebra in the monoidal category of H-bimodules. Then 
(21, C) is a cowreath in via the following structure: 

• 21 is a left H-module via the counit of H ; 

• V':C®2l^2l(8)C, Tp^cEia) = a^o) c • a^i) ; 

• 5 : C ^ '^®C ® C , 5{c) = Xp ci ■ Xp (g) C2 • Xp, where A(c) = C]_ ® C2 is our Sweedler notation 
for the comultiplication on C ; 

• f : C ^ A, f{c) = s{c)l, where e is the counit of C. 

The category of right corepresentations of the induced ^-coring 21 (8) C m hM. is isomorphic to the 
category hA^§ of quasi-Hopf {H,^)-bimodules over C. 

Proof. ip is left iJ-linear since C is an i?-bimodule. (j2. 1112. 21) follow from the fact that p : 21 — > 2ld2)iJ 
is an algebra morphism in k-M- The map 6 is left iJ- linear because A is left 7?-linear and the left 
7f-action on 21 is trivial. 

Write ^ p — Xp (g) Xp ® X^. The first equation in p.9p comes out as 

(5.1) ^pa(o)(o> ® ci • X^al^o)^,^ ® ca • X^a(i) = a(o)^p «) ci • a^i'^^X^ ® C2 • a(i)X^, 

for all a G 21 and c G C, and follows because of the coassociativity of p. 
The second equation in p.9p takes the form 

Xlf; ® • C(i,i) • (Ip2)iy2 ® (^2 . C(i,2) ■ (^p)2f/ ®X^-C2- X'p)) 

= x\Yp')^o) ® (ci • ^p'(^;')(i) ® (c(2,i) • (^p')i*;' ® c(2,2) • (^p')2i;')) , 

where ^ p — Yp (g) Yp (S) Yp is a second copy of $p, and follows by applying the coassociativity of A 
and the 3-cocycle condition on $p. 

Finally, it follows from the fact that e is left 77- linear that / is a morphism in hJ^- p.lip follows 
immediately from the normality of ^p and the counit property of p, we leave the verification of 
these details to the reader. 

We now prove the second assertion. The monoidal category of left modules over a quasi- 

bialgebra H has coequalizers: the coequalizers of two parallel morphisms f,g: M ^ N in is 
the pair (Coker(/ — g),q), where g : iV — >■ Coker(/ — g) is the canonical surjection. Let A be an 
algebra in hM, and take M e {hM)a and N G a{hM). The tensor product M (X)^ N in hM is 
the quotient of M (g) N over the subobject oi M (g) N spanned by the elements of the form 

m<\a(g)n - X^ ►m® (X^ ■ a) > {X^ ► n) 

with m G M, a € A and n £ N. It is also clear that all objects of the category h-M are left and 
right coflat. 

Note that giving a left 2t-module in is equivalent to giving a left i/-module Af G kM which 
is also a left 2t-module in k-M., and such that a{hm) = h{am), for all a G 21, ft. G and m G M. 
In a similar way, a right 2l-module in h-M is a left _ff-module that is also a right 2l-module such 
that h{nia) — {hm)a, for all a G 21, /i G -ff and m G AI. It follows that a module with the structure 
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of a left and right 2l-inodule in h-M^ is an 2t-bimodule in hM if it is an 2l-bimodule in fcA^. In 
other words, M is an Sl-bimodule in hM. if and only if AI is an (21 ® iJ, 2l)-bimodule in kM., 
where 21(8) -ff has the tensor product algebra structure in kM- It is also easy to see that the tensor 
product over 21 in h-M. is nothing else then the usual tensor product over 2t in endowed with 
the Jf-module structure given by the comultiplication A of H . Summarizing our results, we have 
that ^{hM)% = a«)ff-^a are monoidal categories with tensor product taken over 2t in k-M. 
Applying Theorem 14.81 we obtain that the categories {h-^)'^ and h-^{^J,S, f)^ are isomorphic. 
The objects of n-Mi'ip, ^, /)§ are {H, 2l)-bimodules 9Jt together with a left if-linear map : 971 9 
m m[o] C$1 m[i] e 2t O C satisfying (|4.18[ I4.19p and £(m[i])m[o] = m. More precisely, the left 
//-linearity means that p^{h ■ m) = hi ■ m[o] ® /12 • rn[i], for all ft, G iJ and m G 9Jt. (|4.18l) says that 

pgj(m • a) = m[o] • 0(o) ® m[i] • a(i), 
for all m £ SDt and a G 21. Keeping the monoidal structure of h-M in mind, (|4.19p reduces to 

for all m G 9Jt. The morphisms in H-M{ip, S, /)§' are the {H, 2l)-bimodule morphisms that are right 
C-colinear, so HM{tp, S, /)^ is the category of quasi- Hopf {H, 2l)-bimodules over C, h-M^- O 

Every right iJ-module coalgebra is an iJ-bimodule coalgebra, with trivial left //-action. If we apply 
Proposition 15.31 to a right //-module coalgebra, then we obtain the following result. 

Corollary 5.4. Let H be a quasi-bialgebra, let (21, p, <I>p) be a right H-comodule algebra and let 
C be a right H -module coalgebra. Then with the same structure as in Proposition \5.S\. (21, C) is a 
cowreath in k-M. The category of corepresentations over the induced ^-coring is isomorphic to the 
category of right Doi-Hopf modules A4{H)^ as introduced in |12j . 

5.2. Dual quasi-Hopf algebras. It was shown in [21, Example 3.3] that the Sweedler crossed 
product of Hopf algebras [3 3) is a particular example of wreath product. An obvious question is to 
extend this result to the context of quasi-bialgebras. As far as we know, the Sweedler crossed product 
construction has not been extended to quasi-bialgebras. Nevertheless, it has been introduced for 
dual quasi-bialgebras by A. Balan in We will see that Balan's construction is a particular case 
of a wreath product. 

For the definition of a dual quasi-bialgebra, we refer to [22] ■ A dual quasi-bialgebra is a coassociative 
counital fc-coalgebra H equipped with a unital multiplication which is associative up to conjugation 
by a convolution invertible element (f) : H ® H ® H ^ called the reassociator. The definition is 
designed in such a way that M.^ , the category of corepresentations of H is monoidal. 

Proposition 5.5. Let H be a dual quasi-Hopf algebra with reassociator (j) and A a k-algebra on 
which H acts from the left, and consider it as a right Ll-comodule via the trivial coaction A ^ a t-^ 
a 1 G A ® H . Consider a k-linear map t : H ® LI ^ A and the following morphisms in M.^ : 

• Tp : LI ® A ^ A® H , ■>jj{h ®a) = hi-a® /12; 

• C ■ H ® H ^ A® H , C{h®h') ^ r(/ii ® h'^) ® h2h'2; 

• a : k -> A(E) LL, a{l) = 1 ® 1. 

Then {A, LI) is a wreath in if and only if {A,t) is an H -crossed system in the sense of [5]. 

Furthermore, the corresponding wreath product is the crossed product algebra A^^H , an algebra in 
M". 

Proof. It can be seen easily that tp, ( and a are right //-colinear. The equalities in p.7p hold if and 
only if 

h ■ (aa') = (hi ■ a)(/i2 ■ a') and h ■ Ia — s{h)lA 
for all ft. G // and a, a' G A, that is, H is measuring A. In a similar way, the first equality in (13. 9p 
takes the form 

[fti • (ft'i ■ a)]T(ft2 h'2) (S) hsh'^ = T(fti (g) h'i){h2h'2 ■ a) ® ftaftg, 
and is clearly equivalent to 

[fti • {h'l ■ o)]r(ft2 ^ h'2) = T(fti ® h'i){h2h'2 ■ a). 
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for all /i, h' E H and a E A, the twisted module condition. The second equality in p.9p comes 
down to 

(^hi ■ T{h[ (X) h'l)j t(/i2 ® /i2/i2') ® hs^h'^hl) 

= t(/ii (X) h[)T{h2h'2 ® /I'l) (8) {h3h'^)h2(f>^^{h4, h'^, h^). 
Using the quasi- associativity oi H , we see that this condition is equivalent to 

{hi ■ T{h[ ® hi)j r(/i2 (8) ft-jj/ij,') = T{hi (g) /ii)T(/i2^2 ® /i'l (^3, ^3, ^2)1 

for all ft., ft', ft" G i?. This is the cocycle condition in the dual quasi-bialgebra case. Finally, it can 
be easily checked that p.lip is equivalent to 

t(1 (8) ft) = T(ft (g) 1) = e(ft)l, 

for all h E H, which means that r is normal. 

This shows that {A, H) is a wreath in if and only if [A^ r) is an i7-crossed system. Moreover, 
the multiplication on the wreath product is given by the formula 

(a ® h){a' (g) ft') = a(fti ■ a')T(ft2 ® h[) (g) hsh'^, 

and the unit of the wreath product is 1 Cg) 1. This is precisely the crossed product algebra A^^H in 
Ai^ . Note that A^^H is a right 7?-comodule via a^^h M> a#^fti ® ft2. □ 

5.3. Bialgebroids. Let L be a fc-algebra. Throughout this Section, H is a left i-bialgebroid with 
source map s : i — H and target map t : L°p H. Recall from [5 that H considered as an 
X-bimodule via I ■ h ■ V = t{l')s{l)h ~ s{l)t{l')h admits an L-coring structure (H, A,e) such that 
Im(A) C H X i H, where 

H XL H = i ^ g)L e H (g)L H I ^ x^t{l) (S)Lyt=Y^ ®L yis{l) , V / e i 

V z i i 

is the Takeuchi product [MJ, and 

£(1h) = 1l , e(ftft') = £(fts(£(ft')))) = s{htmh'))), 

for all ft, ft' E H. Via the component-wise multiplication H x ^ H is an i-ring with unit 1b.®l 1h- 
A is an algebra map, by definition. 

We use the notation A(ft) = fti ®l ft2. The axioms above imply that 

(5.2) A(s(/)) = sil) ®L 1h , A(t(/)) = 1h ®l t{l) , 

(5.3) s{e{hi))h2 = ft = t(e{h2))hi and hit{l) ®l ft2 = fti ®l h2s{l) , 

for alH e L and ft G H. Our main aim is to define a wreath (H, B) within the monoidal category 
{l-Mli^l, L) of L-bimodules such that the associated wreath product generalizes the Sweedler 
crossed product 133] to bialgebroids. We work in a context that is different from the one onsidered 
in [S]; however, in the end we obtain the same algebra structure on the space B gJi, H as in [S] . 
Let i : L — > i? be a fc-algebra morphism; then B is an L-ring, and B is an i-bimodule by restriction 
of scalars. In a similar way, s : i — H is a fc-algebra morphism, making H into an L-bimodule. 
This new L-bimodulc structure is given by the formula l>h<il' = s{l)hs{l'). Note that it is different 
from the L-bimodulc structure given above. 

Definition 5.6. Let H be a left i-bialgebroid, and let B be an i-ring. H measures B if there exists 
a fc-linear map • -.M^B^B satisfying the following conditions, for all I E L, h E M and b, b' E B. 

(a) ft • {i{l)b) = (fts(/)) • 6 , ft • {bi{l)) = {ht{l)) ■ b , 

(5.4) (b) ft-ls = i(£(ft)) , Iff -6 = 6 , 

(c) ft - (66') = (fti •6)(ft2 -6'). 



We present an alternative characterization of measurings. 
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Proposition 5.7. With notation as above, H measures B if and only if Ih ■ b = b, for all b E B, 
{5.4^ (c) holds and 

(5.5) h ■ i{l) = i{e{hs{l)) = i{e{ht{l)), 

for all I E L and h £ M. 

Proof. The direct implication is immediate, note only that in any left bialgebroid H we have that 
e{hs{l)) — e{ht{l)), for all I £ L and /i £ H, and so the equalities in (|5.5I) are not contradictory. For 
the converse, observe first that h ■ 1b = h ■ ^(11) = ^{^{h)), for all ft, g H. Now, for alH G L, ft. G H 
and b G B we have 

h-il{l)b) ^'•"^ ihi-i{l))ih2-b)^imhisil)))ih2-b) 



i(£((fts(0)l))((fts(0)2 • b) = ((fts(O)l • iB)iihs{l))2 ■ b) 



{hs{l)) ■ b- 

h-{bl{l)) ^^"^ {h,-b){h2-t{l))^{h,-b)l{i{h2tm 



((M(O)l • bW{{ht{l))2)) = ((ftt(O)l • b)iihtil))2 ■ Is) 

(ftt(0)-6, 

as needed. This completes the proof. □ 
The definition of a measuring is designed in such a way that we have the following result. 
Lemma 5.8. Let B be an L-ring and H a left L-bialgebroid measuring B . Then 

-.m^L B ^ B , ^{h®Lb) = hi-b®Lh2 

is a well-defined morphism in satisfying Jff. 7p . 

Proof. The map "0 is well-defined because of the second equality in (j5.3l) and the first condition in 



(I5.4p fa). -0 is left L-linear because of the second equality in 
To see that -0 is right L-linear we compute, Z e i, ft e H, 6 G _B, 

ip{{h(i)Lb)l) = ^{h®Lbi{l)) = hi- {bi{l))®Lh2 = {hit{l)) ■b®Lh2 

= hi-b®L ft.2s(0 = (fti • 6 ®L h2)l = ?A(ft ®L b)l. 

Finally, (|X7)) follows from (|0)) fc) and 

ip{h(E)LiB) = hi-lB®Lh2 = i{e{hi))®Lh2 = lB®L£{hi)t>h2 
= Ib ®l s{e{hi))h2 ^ Ib ®l h, 
as needed. □ 

For a left L-linear morphism r : HI ®l M B ®l HI, we have another left L-linear morphism 
C:IHI®lIHI^B®lH, defined by the formula 

(5.6) C{h ®L h') = r(fti ®l K) ®l /i2^2 , V ft, h' e H. 

It is easy to show that C is well-defined and left L-linear. ^ is also right L-linear if t satisfies the 
extra condition 

(5.7) T{h®Lh't{l)) = T{h®Lh's{l)), 
for aU ft, ft' G H and I G L. 

Proposition 5.9. Let B be an L-coring, H a left L-bialgebroid measuring B and r : Et (55^ H — _B 
a left L-linear map satisfying {5. 7| ). Consider ijj as in Lemma \5.8[ C defined by i5.6\) and a : L ^ 
B ®L m given by <t{1) = i{l) ®l Ihj for all I E L. If the equalities 

r(fti ®L fti)(ft2^2 ■ &) = [/ii • {h'l ■ b)]T{h2 (g>L h'2) , 

(fti • r(ft'i ®L ft'i))r(ft2 ft'zfta) = ^-(fti ®l ft'i)T(ft2ft2 «)i ft") , 

r(ft (8)L Ih) = ^(^(/i)) = ^(1^- 0^ ft) , 



WREATH (CO)PRODUCTS 



25 



hold for all h,h' ,h G H and b E B then {B,M) is a wreath in lM^l- Furthermore, if t satisfies 
the condition 

(5.8) T{hi ®L h\)i{e{h2h'2)) = T{h ®l h'), 

for all \f h, h' € H, then the converse is also true. The corresponding wreath product is B Cgj^ H 
with multiplication 

{b®L h){h' ®L h') = b{hi ■ b')T{h2 ®l h[) ®l hsh'^ 

and unit Is (8)^ In. It is an L-ring via L 3 I i{l) (2)^ 1h ~ Is "Xil s{l) G B ®l H, and therefore a 
unital associative k- algebra. 

Proof. Similar to the one of Proposition 15.51 see also the proof of [S] Prop. 4.3]. □ 

The wreath product obtained in Proposition 15 .91 is called the crossed product of B and H, and it is 
denoted as B^tM. We will now show that it generalizes the smash product algebra from 19, . 
Szlachanyi [2 8) has presented a reformulation of the definition of bialgebroid in terms of monoidal 
categories. Let H be an L ig) L°P-ring. Left L-bialgebroid structures on H correspond bijectively 
to monoidal structures on ^AA, such that the restriction of scalars functor hA4 lMl is strict 
monoidal. The monoidal structure on is defined by ®l with h ■ (to (Eil n) = hi ■ m ^2 • n, 
for all m E M G m-M and n £ N E m-M, and the unit is L considered as a left H- module via the 
action h>- I = e{hs{l)) e{ht{l)), for all h eM and I E L. 

Corollary 5.10. Let M be a left L-bialgebroid and B and algebra in ijA^, that is, a left M.-module 

algebroid. Then H i? '^^"> H ®l B ^B defines a measuring o/H on B. Furthermore, the 

map T : H ®l H — > B given by T{h ®l h') — [hh') ■ 1b, for all h,h' E H, is well defined, left 
L-linear, obeys j5. 7] ) and is such that the induced map ^ from \5. 6]) fulfills all the conditions in 
Proposition \5.9i 

Consequently, {B,M) is a wreath in lM^l with the corresponding wreath product given by 

{b®L h)ib (g)L h') = b{hi ■ b) ®l h2h' , 

for all b,b' E B and h, h' E H. 

Proof. By the strict monoidality of the forgetful functor gTM -h- l-Ml, any left H- module algebroid 
B has a canonical L-ring structure. Its unit is the map i : L 3 I ^ s{l) ■ Ib — t(l) -Ib E B. Thus 
B inherits an L-bimodule structure from the H-action: I ■ b ■ I' = s{l)t{l') ■ b = t{l')s{l) ■ b, for all 
1,1' E L and b E B. In addition, the fact that i : L — > _B is left H- linear means that 

h ■ i(l) ^ i{h ► /) = i{e{h)s{l)) = i{e{h)t{l)), 

for all ft. G H and / G L. Since B is an algebra in it follows that Ih ■ b = b, for all b E B, and 
that (|5.4p fc) is satisfied. From Proposition 15.71 we obtain that H measures B. 
Consider r : H®^ H — B, T{h®L h') = hh' • Is = i{e{hh')). It is easy to see that r is well-defined, 
and left H-linear via > defined by s. (|5.8p is satisfied since 

T{hi ®L /^'l)^(e(/^2ft2)) = i^iK ■ ^B){h2h'2 ■ is) = ftft' ■ Is = t(/i h') , 

for all h, h' E H. Similar computations guarantee us that the three equalities in the statement of 
Proposition 15.91 hold, and (i?,H) is a wreath product in lA^l. 

We end the proof by noting that the resulting L-ring is the so called smash product of B and H 
introduced in 19, Def. 2.4]. □ 

5.4. WeEik bialgebras. Particular examples of left bialgebroids are given by weak bialgebras, see 
[TTI [J. Recall from [6 that a weak bialgebra _ff is a fc-algebra and a fc-coalgebra such that the 
comultiplication A is multiplicative, the counit s respects the units, 

(A (g, Idjf)(A(l)) = (A(l) ® 1)(1 (g, A(l)) = (1 ® A(1))(A(1) (g, 1) 

and e{hh') — e{hli)e{l2h') = e{hl2)e{lih'), for all h,h' E H. To a weak bialgebra H, we can 
associate four projections et,es,et,es ■ H ^ H, given by the formulas et{h) = e(li/i)l2, es{h) = 
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e(/il2)li, et{h) = e(/ili)l2, and £s(/i) = £(l2/i)li, for all h £ H. Let L = Im(et) and define 
s, t : L — > H by 

s(z) = z , i(z) = Ssiz). 

Then H in a left L-bialgebroid with source and target morphisms s and t, comultiplication A : 

H — H ® H '^'^"> H ®L H and counit e = £(, see for example [71 Prop. 3.1]. Specializing 
Proposition 15 . 91 to weak Hopf algebras we obtain the following result. 

Corollary 5.11. Let H he a weak bialgebra, let B he a k-algebra and let i : L ^ B he a k-algehra 
map. Assume B is a left H-module, the left H-action of h £ H on b G B is denoted by h • b. We 
assume that 

h ■ i{et{g)) = i{et{hg)) , 1h ■ b = b and h ■ {bb') = {hi ■ 6)(/i2 ■ b') , 

for all h,g E H and b,b' G _B. H is an L-himodule by restriction of scalars via s. Suppose that we 
have a well defined left L-linear morphism t : H <S)l H ^ B such that, 

T{h (8)L h[)e{h'^g) = s{h[g)T{h ®l h'^), 

t(/ii (S>l h[){h2h'^ ■ b) = [hi ■ {h'l ■ b)]T{h2 ®l h'^), 

(hi ■ T{h'i ®L hi))T{h2 <S>L h'^h'^) = T{hi /i'i)r(ft2/i2 ®i h"), 

T{h 1) = iistih)) = t(1 (g)L h), 

for all h,h',h",g G H. With ip, C o-nd a defined as in Provosition \ 5.9\. {B,H) is a wreath in the 
monoidal category of L-himodules. 

Proof. It has to be shown that T{h h'li)e{l2g) = T{h ®l h'\2)£{lig) is equivalent to the first 
of the four conditions imposed on t. This follows easily from the formulas £s{hi) (S> h2 = ^i ® h\2, 
e{es{h)g) = e{hg), hli C$il2 = hi ®et{h2) and e{et{h)g) = e{hg), see [B]. □ 

We can apply CoroUarv lS.lOl to the left L-bialgebroid associated to a weak bialgebra H. An algebra 
in H-M is a left ff-module algebra A, as introduced in [1]. The associated smash product is the 
smash product that was introduced in |23j . 

5.5. Doi-Koppinen data over right bialgebroids. Now we look at the dual situation. More 
precisely, we will construct a coring in a category of bimodules from a Doi-Koppinen datum over a 
bialgebroid. Since we have to deal with right actions and coactions we need to work over a right 
bialgebroid H over a fc-algebra R. As in the left handed case, s : i? — > H and t : i?°P H will be 
the source and target algebra morphisms, and endow H with the i?-bimodule structure given by 
r ■ h ■ r' :— h ■ t{r)s{r') = h ■ s{r')t{r). Then, by definition, H is an i?-coring such that the image of 
the comultiplication A is included in 

H X H = i ^ G H ®fl H I ^ s{r)x^ ®^ = ^ x, ®r t{r)y„ y r e R. 

\ i i i 

H X/j H is an i?-ring under the component-wise multiplication, with unit lu ®jj Ig. It is required 
that A is an algebra morphism. The counit e has to respect the unit and has to satisfy the condition 

I{t{I{h))h') = I{hh') = I{s{I{h))h'), 

for all h, h' E H. A right corepresentation of a right R-bialgebroid EI is a right i?-module DJl together 
with a right i?-module map pguj : 9Jt SJlOijEI which is coassociative and counital. Although 9Jl is 
not a left i?-module, 93t® bM is a left i?-module, with left i?-action given by r • (m(X)flft-) — m®Bs{r)h. 
By [TJ Prop. 1.1], cot has a unique left i?- module structure, given by 

r • m := m(o) • e(s(r)m(i)), where pm{m) = m^o) '^R 'Ti(i) G St (X)_r H, 

making 9Jl into an i?-bimodule, and such that pa; is an i?-bimodule map and lm{p^) is included 
in the Takeuchi product 

MxrU:^ l^x^(g)Ry^ em(g)RM\^r ■ x^(g)Ry, = Y^ (g)R t{r)yi, y re R 

K. i i i 
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This key result allows us to define a monoidal structure on M , the category of right H-core- 
presentations and right H-colinear maps. The tensor product of 971, VI G is 9Jt ®r 91, together 
with the structure map pwi^r'^ given by 

Pm®R<niyci ®R n) = m(o) ®r n(o) ®r m(i)n(i). 

The unit object is R together with the structure map p/j given by pR{r) — \r ®r s{r) G R (E)r H. 
A right H-comodule algebra is by definition an algebra in A4^. 

Mm, the category of right H-representations, is also a monoidal cateogry. The tensor product over 
R of two right H-modules is a right H-module by restriction of scalars via A. The unit object is R, 
which is a right H-module via 

r A e{t{r)h) = e{s{r)h), 

for all r e i? and /i G H. A coalgebra in Aim is called a right H-module coalgebra. A right H-module 
coalgebra C is an i?-coring; C is as an i?-bimodule via r ■ c ■ r' — c ■ s{r)t{r') — c ■ t{r)s{r'). C is a 
right H-module, we denote the action by • : C (E)r M ^ C. Then 

Ac(c ■ h) = a ■ hi (gjR C2 ■ h2 and £c(c ■ h) = ec{c) < h, 

for all c e C and h <E H. 

Definition 5.12. [7] A right Doi-Koppinen datum is a triple {M.,A,C) where H is a right R- 
bialgebroid, ^4 is a right H-comodule algebra and C is a right H-module coalgebra. A right (H, A, C)- 
module is a vector space 9Jl with the following structure: 

- 971 is a right ^-module, and therefore a right i?-module by restriction of scalars via z : i? — >■ 
A, i{r) = r ■ 1a ^ Ia ■ r; 

- 971 is a right C-comodule, with structure map p§[ : M DJt (X)_r C, p§ii{m) — m(o) li^R m(i); 

- for all a e A and m G 97t, we have p^im ■ a) = m(o) ■ a^o) 8)^ Tn(i) • a^i^ . 

2?iir(H)2 is the category with right (H, A, C)-modules as objects and right ^-linear right C-colinear 
maps as morphisms. 

Now we will show that the (right-handed version of) [7i Prop. 4.1] is a consequence of Theorem 14. 81 

Proposition 5.13. For a right Doi-Koppinen datum (H, A, C), we have the following assertions. 

(i) {A, C) is a cowreath in rA4r, via t/j : C (E)r A A (g)R C , %Ij{c ®r a) = Of^Q-^ (E)r c ■ a^^^ and 
C : C — ^ A C (8)_R C, C = i Ac, where i : R ^ A is as above. 

(ii) The bifunctor (^r defines a right rAAr- category structure on M.r and the category of right 
corepresentations in Mr over the A-coring £ = A<^C corresponding to the cowreath (A, C) 
from (i) can be identified with the category of right corepresentations over the A-coring £ 
viewed now in kA4, and is isomorphic to the category 'DK{M.)'^. 

Proof, (i) We first show that ip is well-defined. For all c G C, r G i? and a G ^ we have that 

~ (*) ~ 

ip{c <S)R r-a)^ ip{c ®R 0(0) • e(s(r)a(i))) = a(o)^o^ ®r c ■ a^o)^, s(e(s(r)a(i))) 

= a(o) ®T c • a(i)^s(e(s(r)a(i) J) = a(o) ®b. c • (s(r)a(i))is(e'((s(r)a(i))2)) 
= a(o) ®R c ■ s(r)a(i) = a^o) ®r {c ■ r) ■ a(i) ^ ■ip{c ■ r (^r a). 

At (*), we used that pA is right i?- linear. The left i?-linearity of -0 follows from the fact that 
ImipA) CAxrU: 

0(r ■ c(g>Ra) = iIj{c ■ t{r) (g)R a) = a(o) «)_r c • t(r)a(i) = r • a(o) (g)R c ■ a(i) . 

The right i?- linearity of ip follows immediately from the right i?- linearity of pA- AH the other 
conditions that are needed to make {A, C, ip) to be a cowreath in rM r with (C, ip) ^ Ta are 
straightforward, and are left to the reader. 

(ii) Clearly i^r : Mr x rMr Mr yields a right fl;A^ij-category structure on Mr. Furthermore, 
if A is an algebra in rMr, then any right module 9Jl in A^ij over A has the right i?- module structure 
inherited from the right A-action, since (m • r) • a = m • (r ■ a), for all m G 971, r € R and a € A, and 
therefore m • r = m • (r • 1^) = m • i{r), for all m G 97t and r ^ R. So 971 is a right A-module in kM, 
considered as a right i?- module via i. 
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In a similar way, if is an A-bimodule in rMb. then the i?-biniodule structure on ^ is induced by 
the A-module structure on D^, that is, r • n • r' = i{r) ■ n ■ i{r'), for all r,r' G R, n £ This tells us 
that the tensor product over A in rMr is precisely the tensor product over A in k-M. Thus, if £ is 
an A-coring in rMr then it is actually an ^-coring in kM, viewed as an i?-bimodule via i, and a 
right corepresentation in Mr over £ is a usual corepresentation of the ^-coring £ in feA4. In other 
words, (Mr)^ = kM^. 

Now consider d — A (g) C, the A-coring in rMr determined by the cowreath {A, C) in rMr 
described in (i). From the above comments and Theorem 14.81 it follows that ^A^^ = {A4r)'^ = 
3^^(H)g. □ 

A weak bialgebra is a left bialgebroid. The base fc-algebra R is the image of the idempotent 
morphism Eg '■ H ^ H defined in Section 15.41 The source map s : R ^ H is the inclusion, and 
t : R ~^ H is the restriction of et. The comultiplication is defined as in the left-handed case, and 
the counit is Eg- 

Applying Proposition 15.131 to the case where H is a weak bialgebra, we obtain that the category of 
right weak Doi-Koppinen modules as defined in [3] is isomorphic to the category of corepresentations 
over a coring in k-M. To this end we have to use the right handed version of [71 Theorem 3.11]. 
Our theory applies also to Doi-Koppinen data in braided monoidal categories. This will be explained 
in full detail in the forthcoming paper |15] . 



6. Appendix 

After an earlier version of this paper was circulating we were informed that Theorem 13.31 holds in a 
more general setting, see Theorem l6.8[ leading to a different proof based on 2-categorical arguments. 
We will now explore this idea; it will turn out that Theorem 16 . 81 holds . but that we need Theorem l3.3l 
in the proof, so that it cannot be used to give an alternative proof of Theorem 13.31 
The starting point for the generalization of Theorem 13.31 is an explicit description of EM(IC) in the 
case where the 2-category K, admits the Eilenberg-Moore (EM for short) construction for monads. 
If /C is a 2-category then by Mnd(/C) we denote the 2-category of monads, monad morphisms 
and monad transformations, see Section [3] for detail. An object X of IC gives rise to a monad 

X = {X,X X,ix,ix), i-e., to an object 2£. in Mnd(/C). Furthermore, any 1-cell X ^ Y defines 

a 1-cell X ^> Y in Mnd(/C) and any 2-cell / 4> 5 in /C becomes a 2-cell if,lf) isAg) in 
Mnd(/C). These correspondences produce a 2-functor Inc^ : K, — > Mnd(/C), called the inclusion 
2-functor of IC. Conversely, we have the so-called underlying 2-functor Und^c : Mnd(/C) — >■ JC that 
maps {A,t) to A, {f,4') to /, and p to p. From [31, Theorem 1] we know that the underlying 2- 
functor is a left 2-adjoint for the inclusion 2-functor of K. in Mnd(/C). For more detail on 2-functors 
and 2-adjunctions we invite the reader to consult 3, Ch. 7]. 

Definition 6.1. A 2-category /C admits the EM construction for monads if the inclusion 2-functor 
Inc^ has a right 2-adjoint. 

Let us explain this more explicitly. Let F : Mnd(A^) — >■ be a right 2-adjoint functor for Inc/c- If 
e : IncicF — >■ lMnd()C) is the counit of the 2-adjunction then for any monad A = {A, t, jit, Vt) in ^ we 
have that — (w*, X*) '■ A^~^ Ais a. monad morphism, where A* = F{A) is the so-called EM object 
of A. Moreover, for any monad A in /C and any object X of /C we have a category isomorphism, 
natural in both arguments, 

(6.1) dx,A ■■ IC{X, A') = Mnd(/C)(X, A) 

defined as follows, a sends a 1-cell X A A* in IC in the monad morphism (u* f , G> 'f f) X ^ A, 

^^J_^ ("'/,x*oi/) 
while a 2-cell X A* in /C is mapped by dx,A in the 2-cell X ^i^tOp A of Mnd(/C). 
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To a monad A = {A, t, iJ-tjilt) in /C we can associate a monad morphism A ^ ^ '> A . Consequently, 
there exists a unique 1-cell A ^ A* in IC such that 

(6.2) (wV,X*0 V) = (^,A*t)- 

t 

In a similar way, an easy computation shows that (tu* = u*'v*'u*-^^t !«*) (u*,x*) is a 2-cell in 
Mnd(/C), and therefore there exists a unique 2-cell A* n|J,p' A* such that l„f p* = X*- By [?T1 

§1] A* ' A defines an adjoint pair of 1-cells, in the sense that the 2-cells 1a > = t 
and > l^t satisfy the equalities 

(6.3) (l„t 0p*)(?7t 1«0 = l«f and (p* l„t)(l^t r?t) = 

For any monad morphism A = {A,t) B = {B,s) denote F{f,ijj) by /, a 1-cell between A* 

and . By the 2-naturality of the counit we have a commutative diagram 




Otherwise stated, f : A*^ ^ is a. 1-cell in /C such that 

(6.4) /u* = u'J and x^ Ij = (1/ X*)(V' luO- 

Then by [HJ §2.2] and [23] Theorem 3.10] to give a 1-cell in Mnd(/C) is equivalent to give a pair 
(/, /) of 1-cells in K, such that the first equation in (|6.4p holds. Note that the converse of this 
assertion has the following meaning. 

Lemma 6.2. // A.B are monads in JC and (/, /) is a pair of 1-cells in JC obeying fu^ — u'^ f then 
there exists ip : sf ^ ft a 2-cell in IC such that {f,ip) ; A B is a monad morphism. Moreover, ip 
satisfies the second equality in (6^. 



Proof. The explicit definition of ip was given in the proof of [26l Theorem 3.10] (as well as the fact 
that (/, V') is a monad morphism and F{f,ip) = /). Namely, if) is defined by the following vertical 
composition of 2-cells, 

(6.5) if) : sf > sft = sfu^v* = su^ fv^ u"^ fv*' = — ft . 

To see that ip satisfies the second equality in (j6.4p observe first that 
(1/0X*)(X'0 = (l/„* 0P*)(1„. 0p^0lj„v) 

= 1„= 0(170 P*)(p^0l7,*„O 
= 1„= 0(p^0lj)(l,.„.j0p*) 
= ix' l7)(l«^.^/ X*) = (X' l7)(l./ X*), 

so that 

(l/0X*)(V'0l«O = (l/0X*)(x'0l7,*„O(l./0?7t0luO 

= (x' l7)(l./ (In' P*)(?7t = X' I7, 
as stated. □ 
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Thus the 1-cells in Mnd(/C), and a fortiori the 1-cells in EM{IC), can be identified with commutative 
diagrams of the form 

(6.6) 




/ 



It was pointed out in [211 §2.2] that, via this identification, 2-cells in EM{1C) correspond to 2-cells 
in JC. We discuss this in more detail in Proposition 16.31 In the proof, we focus on the parts that 
are missing in [21'. 

Proposition 6.3. Let JC be a 2-category admitting EM constructions for monads. Then EM{IC) 
is isomorphic to the following 2-category: 

• 0-cells are monads in IC; 

• a \-cell from A ~ {A, t) to M = {B, s) is a pair (/, /) of 1-cells in K, making the diagram 
h6.6\) commutative; 

• a 2 -cell from (/, /) to {g,'g) is a 2-cell t : f ^g in IC. 

Proof. Let p : (/, ip) {g, (j)) be a 2-cell in EM{IC), that is, p : f ^ gt is a. 2-cell in K. such that 
p.ip is satisfied. We identify (/, ?A) with (/, /) and {g,(j>) with {g,g), as in Lemma [6.21 and we 
define 

X:uq=fu*^gtu^^gu^ = u^g. 

We claim that A : (m*/,x* © Ij) =^ {'^'^'diX' © Ig) is a monad transformation, that is a 2-cell in 
Mnd(/C)(-A^, B). Indeed, on one hand we have 

A(x^0lj) = (1<,0X*)(P0 V)(x'0l7) 

^ (1,0X*)(P0 1.0(1/ 0X*)(V'0lnO 

= (i<,0x*(it0x*))((p0it)V'0i«O 

- (lg0X*)((lff0Mt)(P0lt)V^0l«O 

- (Ig x*)((ls Ait)(0 U){ls P) 1„0- 



On the other hand, 

(x^0lg)(l,0A) ^ (l<,0X*)('^0l«O(l.s0X*)(ls0p0l«O 
= (Ig X*(lt X*))(('/' lt)(l. P) 1«*) 
= (I9 X*)((lff Mt)(0 lt)(ls P) InO- 

Consequently A(x* Ij) — {x" l3)(ls proving that A is a monad morphism. It follows from 

(|6.ip that there exists a unique 2-cell Tp g in /C(A*, S*) such that 

(6.7) lu= 0Tp = (lg0x*)(p0l„O• 

Conversely, let T : / ^ p be a 2-cell in K.. We claim that pr : (/, ?/>) — (5, 0) defined as the 
composition 

Pt- : / > jt = /m'^u'^ = u"/!;'^ => u = (/u w = 5^ 

is a 2-cell in EM{IC). To this end observe first that the diagram below is commutative 

— i/ut0p' — 

u'^fv^u* = fu^v^u^ > fu* — u'^f . 
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Since l^t p* = x* it follows that 

(6.8) r)(l/ X*) = (Ig X*)(lu= 0^0 l.*n*)- 
We use now (j6.8l) to compute 

(Ig 0/|i}Il«= 0T-0 l^,tt)^(l3 0X*]XL.= 0T0 l^t 

0t)(1/0x*)0 1„' = 0T0l^t)(l/0Att). 
Define ij; : sf ^ ft, (p : sg ^ gt using (|6.5p : then 

(Ig Ait)(/Or lOV- = (Ig Mt)(l«= 0^0 ^vH){lf QVtQ h)^ = T 

In a similar manner we compute that 

(ig ^lt)ix' ig^-'t) = (Iff x*)(x' iffi.*«0 1^.* 

= (x' lffi.*)(lsff X* 1^;') = (x' lffi,')(l.s Mt), 

and therefore 

(Ig ^t)(0 lt)(ls pr) = (Ig p-t){x' lff«'t)(lsff QritQ lt)(ls„» T l„0(ls/ '7t) 

= ((X' ls)(lsu= t) l„t)(l,j 77t) 

= 0T0l„t)(x'0l7„t)(ls/0'7t) = (1„= 0T0 

It remains to be shown that the correspondences p ^ Tp and t i-^ pr described above are inverses. 
Indeed, 

Pr, = (1«= 0Tp0l„O(l/0'7t)'^!Llff0X*0lt-O(P0lt)(l/0'7t) 

= (lg0(x*0l„O(l*0'?t))P = (lff0A*t(lt0'7t))p = P 

and Tp^ — T since 

l«=0Tp^ = (Iff 0X*)(/Or !«*) = (Iff 0X*)(1«= 0T-0 l^'u')(l/ 0??* !«*) 
= (1«= 0(lg0P*)(T0l„t„O)(l/0'7t0l«O 



= (l„a 0r)(l/0(l„t 0p*)(77t0l„t))'-^l„= 



T. 



This completes the proof. □ 

Proposition l6.3l allows us to provide an alternative description for wreaths and cowreaths in /C. For 
the proof of Corollarv l6.4[ see [211 p. 257] and Proposition [ 



Corollary 6.4. Let /C fee a 2-category admitting the EM constructions for monads, 
(i) Giving a wreath in IC is equivalent to giving the following data: 

(11) A monad A — (A, t, p, rj) in IC; 

(12) A pair {A A A, ^* A A*) of 1-cells in IC satisfying u^s = su* ; 

(is) A monad structure (A*, A* A A*, ( : s s ^ s,a : 1^* =^ s) ons in IC. 
(a) Giving a cowreath in IC is equivalent to giving the following data: 
(mi) a monad a — (A,t, p,ri) in IC; 

(M2) A pair {A A A, A* A A*) of 1-cells in IC satisfying u*s — su* ; 

(lis) A comonad structure (A* , A* A A*, (5 : s s s, e : s l^t) on s in IC. 

We are now ready to state and prove the result announced at the beginning of this Appendix. From 
now on, we specialize our results above to the bicategory Bim(C). 

Let M be a left module over an algebra A in C; M is called right robust if for any X e aC and 
Y E C the canonical morphism (see [131 EO]) 

: M 0^ (X F) ^ {M 0^ X) y 

is an isomorphism in C. 

By aC'x we denote the fuU subcategory of aCa whose objects are right robust. By [T31 130] the 
category aC'a is monoidal, the monidal structure being similar to that of a^a- 
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Definition 6.5. If C is a monoidal category with coequalizers then Bim(C) is the bicategory that has 
as objects coflat algebras in C, as 1-cells right robust bimodules and as 2-cells bimodule morphisms 
in C, respectively. The vertical composition of 2-cells in Bim(C) is the morphisms composition in C 
and the horizontal one is given by the monoidal structure of C. 

In the sequel, we will regard Bim(C) as a 2-category. Before giving a description of wreaths and 

cowreaths, we need a desciption of monads in Bim(C). 

Lemma 6.6. Giving a monad in Bim(C) is equivalent to giving a pair {A, T) of coflat algebras in C 
together with an algebra morphism i : A^T inC such that T is right robust when it is considered 
as an A-bimodule via i. 

Proof. A monad in Bim(C) is defined by the following data: 

• A 0-cell A in Bim(C), that is, a coflat algebra A in C; 

• A 1-cell A^ Am Bim(C), that is, a right robust A-bimodule T in C; 

• 2-cells TT ^ T and 1a ^ T satisfying coherence conditions. Explicitly, we have A- 
bimodule morphisms fiT '■ T (g)^ T and r]T ■ A ^ T such that (T, ^t, tjt) is an algebra 
in aC'a- 

It is well known that such a data can provide an algebra morphism i : A ^ T in C. The algebra 
structure of T in C is given my nirp ~ IJ-tQtt Vj^ = VtV^^i ^^d so 77^ becomes an algebra 
morphism in C. Conversely, T is an A-bimodule in C via the restriction of scalars functor defined by 
i, and its algebra structure in C determines an algebra structure in aC'a- We leave the verification 
of the details to the reader. □ 

The category Bim(C) admits the EM constructions for monads. If i : A ^ T is a monad in Bim(C) 

then = r as algebras, i.e., objects in Bim(C). Furthermore, T ^ A is = T regarded as 
a (T, A)-bimodule in C via the multiplication of T and i. ■ TvF = T ®a T u"^ = T is the 

T 

(T, A)-bimodule morphism in C uniquely determined by tX^ = nirp. Finally, A ^ is again T, 
viewed now as an {A, T)-bimodule in C via i and mj^, while : v'^u^ = T (g)^ T => T is again the 
unique morphism in C determined by p^q^ j, = ruj, but considered now as a T-bimodule morphism 
in the usual way. 

Lemma 6.7. Let i : A ^ T and j : B S be monads in Bim(C). Give a monad morphism between 

A A T and B S is equivalent to giving a pair {X, ijj) consisting of a right robust {A, B)-bimodule 
X and an {A, B)-bimodule morphism ip : X S ^ T (g)^ X inC such that the following diagrams 
commute 

X(^bS®bS^^T(^aX®bS^-^T<»aT<»aX , X ^^^^^ X S X <»b S . 



It.x 



X^bS ^T^aX T^X ■ ^T<»aX 

Here mi^ and nig stand for the multiplication of the algebras T and S in aC'a o,nd bC'b, respectively. 
Giving a 2-cell in EM(Bmd(C)) between (X^ip) and {Y, (f>) is equivalent to giving an {A, B) -bilinear 
morphism T : X ^ T (^a Y making the diagram below commutative, 

X^bS Ti^aY^bS T^aT^aY ■ 

T®aX — ^ T®aT®aY — =^ T^aY 

Proof. We know that Bim(C) admits the EM constructions for monads, hence giving a monad 

morphism from A A T to i? A is equivalent to giving a pair {s : A ^ B,s : A'^ — > B^) of 1-cells 
in Bim(C) such that u^s = su^ . Clearly, this is equivalent to giving a pair {X, X) with X e aC'b 
and X G tC's such that X 05 S = T ^a X in tCb- This forces X = T <S:a X in tCs, and therefore 
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we should have a right 5'-module structure on T®a X when X is an [A, i3)-bimodule in C. We next 
show that this is equivalent to the existence of an (A, i?)-bimodule morphism ip : X®b S ^ T®aX 
in C such that the first two diagrams in the statement are commutative. 

Leti^l^: {T®aX)®S ^T®AXhe a right 5'-action on X — T <S!)aX; we then define V' '■ X ®b S ^ 
T ®A X as follows. First consider ipQ : X ® S ^ T ®a X as the composition 

i/,o = X®S — ^ T®X®S '■ ^ (T ®aX)®S T(E)aX ] . 



We can easily show that V'o behaves well with respect to the universality property of the coequalizer 

!y|®Ids B 

X(g,B(E)S ; X(g>S X(g,BS , 

and so there exists a unique morphism ip : X ®b S ^ T ®a X \n C such that 5 = V'o- We 
leave it to the reader to show that 'ip is left A-linear and right B-linear, and that it satisfies the two 
equations in the statement. 

Conversely, if we know tp then T ®a X becomes a right ^-module via the structure morphism 

TAX ^ W nl rr^ 

(T (g)AX)(g)S T(g)AiX(g, S) — U> T(g)AX(g,BS T®aT®aX -^=^ T®aX . 

Notice that these two correspondences are the counterparts of the ones defined in Lemma 12.11 
Finally it follows from Proposition 16.31 that giving a 2-cell in £'M(Bmd(C)) is equivalent to giving 
a (T, 5)-bimodule morphism r : T ®a X — >■ T ®a Y in C. Also, it is immediate that r is completely 
determined by an (A, _B)-bilinear morphism t : X ^ T Cg)/i Y. Since t can be recovered from 

T as TOjT it follows that ip is right 5-linear if and only if the third diagram in the statement is 
commutative. This finishes the proof. □ 

The above explicit description of £'Af(Bmd(C)) allows us to prove our final result Theorem 16.81 
Although Theorem 13.31 follows from Theorem 16. 81 this does not lead to a new proof, since the proof 
of Theorem 16.81 is based on Proposition 14.11 which is itself based on Theorem 13.31 

Theorem 6.8. Let C be a monoidal category with coequalizers. Then there exists a bijective cor- 
respondence between the (co)wreath structures in Bnid(C) and pairs (A, X) consisting of a coflat 
algebra A in C and a (co )wreath X in aC'a ■ 

Proof. We specialize Corollarv 16.41 to Bmd(C) and use the descriptions in Lemma 15771 to conclude a 
(co)wreath in Bmd(C) consists of a triple {A A T, X, where 

(a) A, T are coflat algebras in C, i is an algebra morphism, and T considered as an A-bimodule 
via i is right robust; 

(b) X is a right robust yl-bimodule; 

(c) -0 '■ X ®A T ~^ T ^A X is an A-bimodule morphism in C such that T (^^a X becomes a 
T-bimodule in C when it is considered as a left T-module via the multiplication TOj of T 
and as a T- right module via ip and m^; 

(d) T (giA X with the T-bimodule structure described in (c) admits a r-(co)ring structure in C. 
The conditions (a-d) can be restated as follows: 

(a') A is a coflat algebra in C and T G aC'a is an algebra; 
(b') X is an object of aC'a', 

(c') ip : X (g)^ T T ^A X is a morphism in aC'a that endows T ®a X with a T-bimodule 
structure in aC'a, providing that T Cg)^ X has the left T-module structure given by the 
multiplication of the algebra T in aC'a] 

(d') T (g)^ X admits a T-(co)ring structure in aC'a- 

We now apply Proposition 14.11 to the monoidal category aCa- Then we find that triples {A A- 
TjXjtp) satisfying (a'-d') are in bijective correspondence with pairs (A, X) consisting of a coflat 
algebra A and a (co) wreath X in aC'a- This finishes our proof. □ 
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